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Drell-Yan process

® kinematic region:
Aqep S 141l < Q

® invariant mass: @
® rapidity of lepton pair: Y

® transverse momentum: ¢,
conjugate to b

® momentum fraction: xa, xp

e Collins-Soper (CS) scale:
Cas Cp, Where (3(p = Q4 Drell-Yan scattering

deYquL _ZHU TH /dzbw"“ T8 (xa B2 11,Go) £ (0, B 11, Go)

1+0 (ql AéCD)]
Q2 Q2
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® | eading region has contribution from
soft momentum states

® Need to regulate rapidity divergences
present in beam and soft functions

® New scale associated with rapidity
divergence: v

® Form of rapidity scale depends on
choice of scheme (e.g. Collins
scheme)

Drell-Yan leading region [Collins, 2011]
2 eibL-d b Ca 2 Cb
dedeql Z H’J Q /J' /d bJ_e LqL Bi (X;n bJ_vM? V2> BJ (Xba bJ_,,LL, V2>
ij

qi A%QCD
XS,’(bJ_,M,V) 1+0 &7 Q2
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Beam and soft function renormalization

® 7 is some rapidity regulator to be determined by scheme

® Absorb soft function into defintion of TMDPDFs

® Subtract possible double counting with S,.O(S“bt)

e TMDPDF independent of v

Bow (X7 b, e T, xP*)

1

B; (X, El,u,C/y2> = lim IimOZ,g (bL,ILL,V,G,T,XP+)

e—0T— SP(SUbt) (bi,e 7)

Si(by,p,v) = lim lim Z& (by,p,v,e,7)S? (by,€,7),

e—07—0

0
' N e i 0(u) g + M
f; ()<7 bJ_,//wC) = (!I:?(J)ZUV (/'1’767 C) B, (Xa bJ_7€7T7XP ) Sp(subt) (bJ—’€7T)
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Operator definitions

Staple gauge link for beam function

Wilson loop for soft function

B,p(u) (X, EL,e, T, XP+> = / %efibi(xw) (P| [1/_’? (bf7 Bl) W (bf, b ; —oo,O)

< W (o0 0,61) W (0,0, -9) 42 (0)] 1P)

1

T

S0 (by,e,7)=-— (0| [W, (by1;0,—00) W5 (b); —00,0) W, (—o0n;0,b])

c

x Wi (0; 0, —00) W, (0; —00,0) W (—oon; by, 0)].|0)
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Naive soft function:

S(bl,e)

1 - N - S o . - o
= 7 (01 TrSJ(b1)Sa(b1)S L (~o0; by, 0.1)SH(01)S,(01)S] (~oon; b1, 01) [0)

Soft Wilson line: R t
NG n’
0 . ;
Sn(x) = Pexp {—ig/ dsn”A,(x + sn) } AN o
—0o0 N //
\\\ ///b
< 3
Lightlike vectors:
n=(1,0,0,1), n=(1,0,0,-1)
=0, A=0, n-Aa=2 _
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Rapidity divergence

Rapidity divergence:

/dk*dk 1 1 1
(27)2 ktk— — k¥ —m2 +i0 k= —i0 kT +i0
_/ dov 1 1 /Ocd
) @rRa-K —m+ioa—i0)
0. ik~ =n-k, kt =7k, kt = k0 + k3
1, (k-
_ Lt _
a Oé—k k, y—2|n(k+>

Divergence associated with rapidity

y — fo0
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Off lightcone regulator

Spacelike Wilson lines: Timelike Wilson lines:

= — e YAp = —YAp
na=n—e ’“n, na=n+e ’“n,
- + - +
ng=n—eBn ng=n+eBn
t t
N = N =
n n/’ Nl n
N s N s
N . N ,
N . N .
N , N .
N . N .
N s N .
N N .
N
N ,7 by 5 AN ,7 b 5
N N
N4 X N X
7 1 4
na 2 N ng Y N
2 N ,
s’ N na, \np
. N 3 N
N . N
7 N s N
s N 4 N
s N s N
v N s
’ N ’ N
s N s N
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One loop result in Minkowski space

With space-like regulator, Collins scheme [Collins, 2011]

) e ddk efiBL-EL 1 1
oAby ve) = 8 CH0A M8M" | (530 1270 ma -k — 10 ng K+ 70

a.C 1+ e2(ve—ya) 1
_ S F(yA_yB) (—6—|n (ﬂ'biuge'}’E)>

2w 1 — e2(ys—ya)
One loop result:

S(biafy)’AJB)

1 » o 1+ e2(va—ya)
=1+ 5" ( +n (“”L’“‘Oew)> {2 — 2= yeli GG

YB8—YA)

} +0(a?)
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TMDPDF

fi(x,b = lim Zi iim By (x.b P)
(vaLvl/'aC) E'_% UV(M7€7C)yA$Tm X,bi,€ yp,x
yB——00

Si (bLaanA - }/n)
X
Si (bJ_76>YA - YB) Si (bJ_,QYn - _yB)

® Collins-Soper scale: ¢, = 2(xP*)2e=2n, (, = 2(xP~)2%e®»

do Lo o .
m = Z HU(Q7M)/d2bJ_erJ_'qJ-f;' <X37 bJ_a,uﬂCa) f_-, (Xb7bJ_7,u/aCb)
iJ
2 A2
91 ‘Qcp
X 1+(’)<Q2, o )]
® CaCb = Q4
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Evolution equations

dfq (X, El,u, C) B dlog By (x, El,u,yp —yB>

q - =
’Yu(ﬂ'a 9] dlog dlog u
B Edlog Sq (b, ¥n — yB)
2 dlog 1
dfy (x, EJ_,M,C) dlog By (X, EJ.vMa)’P_)’B)
Y(p i) =2 =
¢ dlog¢ dyp
_ dlog 5, (b, i, yn — yB)
dyp

* ¢ is the Collins-Soper kernel

® [attice extraction of soft function would allow for a calculation of the CS kernel

Wayne Morris (NYCU) Soft function from auxiliary fields June 4, 2024



Lattice extraction of TMDPDFs

fq (X, EJ_,;LE,X.‘SZ) =G (XISZ,,u) exp [;72’ (u, b)) log ﬂ fq (x, EJ_JJ,C)

1 Nacp
. {1 o ((xﬁsz)z (XPZ)2>}

[Ebert, et. al., 2019], [Ebert, et. al, 2022]
® (, is a perturbatively calculable matching kernel

° ( —X m e2(YP+yB }’n)

quasi-TMDPDF

i ) i ) o _ . . §naive(bL7M)
£ b pz) — fnaive b PZ 9
q (X, L, UGy X ) q (X’ Lo HGs X ) \/Sq(bbu,2yn,2}/3)

° fqnai"e and S;‘ai"e are lattice calculable objects

® S, is the Collins soft function

An extraction of the TMDPDF was performed by the Lattice Parton Collaboration
(LPC) using a different method to obtain the soft function. [He, et. al., 2022]
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Euclidean space calculation

Define Euclidean space Wilson line directions as:

= -0~ 3 o -0 & 3
fia=(iny, 01, n3), fig = (ing,01,—ng)
3 3
_ My ng
ra:70, = 0
Na ng

E 2, (n 0 0 Ak ik(brsia—tis) L
SE(brcorars) =g Celin i) [ s [ ae [ S emen
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Soft function in Euclidean space at one loop

Calculation in coordinate space at one loop:

5(1) (bJ_, €, Ia, rb)

OZSCF <1

1) (r,—1
S\ o In (ﬂbiu%é’ﬂ) {2 + log (= 1) (1)

(a+1)(rp+1)

rarb+1}
ra+rp

Il >1, || >1, n94n%(rars+1)>0
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Rapidity regulator scheme

Time-like: np = (1 +e 2 0,,1- e*2yA> , ng= (1 +e¥8.0,,-1+ e2YB>

1—e 2 1— e¥e

(f(f= — ry == ————
a 1+672yA, b 1+62y3’

[ral, |rp] < 1 fails
Space-like: ns = (1 —e 0,1+ efzy“) , ng= (1 — e 0,,—1— e2YB>

1+e 2 1+e%e

ra:m, rb:m7 |ra‘,‘rb| >1 succeeds

asC 1+ e2lve—ya)
SO (b, e raym) = 27:( +|n(7rpr§e75)> {2 2|}/A—}/B|e2y5m}
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Wilson line directions

[l <1, |r] <1, nqn%(rare+1) <0

7/
€]
.
B
N
N

N 7
N 7
N ,
N 7
N ’,
N s b}
N X3
Nz
7\
7
na, \nB
“. N
7 N
7 A
e
/ N
7 N

IRl <1, |r| <1, nqn%(rare+1) >0
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[ral > 1, || >1, nqn&(rars+1) <0

[ral > 1, || > 1, nSn%(rars+1) >0




Finite L Wilson lines

For L — oo and ry, rp — 1:

stousont =1 52 (20 (s ((50)) s (3)

C b? b L
4 OO [ grog (L) 4 ombe | o (Imal +Ins])
o7 a2 a b,
o (Inal +ns) L

a
b2 1 by,
+2L2<C1—3>}+0(L4,0é5

=1 1 1 1 1 = i<<r 1
P U2R(rE—1) 2a3(r2—1) [2 b

® |ncorrect b; dependence
® |inear divergence in L

® Power corrections are limited by r, p
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Sratio (bJ_yaa raarbyL)
_ S(bJ_aau ravrbaL)
\/S(bLaaa ravfra7L)S(blaaafrb7rba L)
_ _ 2
14 asCg (2+ (rarp + 1) log ((ra 1)(rp 1))) log (bL>

o7 (ra+ 1p) (ra+1)(rp + 1) 22
+ O (b2l a2>
L2 ) S

® Recover correct b, dependence

[Ji, Liu, Liu 2020]

® |inear divergence removed
® Power corrections are no longer limited by r, p

® Approaches the soft function at L — oo
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Auxiliary field definition of the Wilson line

Write Wilson line in terms of one dimensional ‘fermions’ that live along the path:

Pep{ iz [ dsn"a, () |
=2z /Di/ﬂ?i/_} Y1) exp {ig /:f dspidsp — n - AY }
[Gervais, Nevau 1980], [Aref'eva 1980]

Aucxiliary field propagator:

. uclidean space o~
in - DHy(y) = 8(y) "5 —ifi- DeHa(y) = o(y),

=1}
Il

(ino, I_f)
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Auxiliary field propagator in Euclidean space

—ifi- DeHz(y) = d(y)

® Meaningful solution only obtained with a UV cutoff [Aglietti, et. al. 1992],
[Agglietti, 1994]

® Time independent object should be finite after removing the UV cutoff, i.e.
zero lattice spacing

® Ratio with vanishing L dependence will approach Euclidean time independence
on the lattice for large Euclidean time

® Use lattice as UV cutoff and construct discretized solution to equation of
motions [Mandula, Ogilvie, 1992]

no [U(x,x + £)G(x + £, y) — G(x, y)]

3 .
> 2 U, x 4+ 1) G (x + 1. y) = Ulx x = )G (x = i, y)] = d(x, )
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Instablities and improvements

® Discretization introduced in [Mandula, Ogilvie, 1992] leads to significant
instablities in our lattice computation.

® Improved method from moving NRQCD in [Horgan, et. al., 2009], setting
quark mass to infinity

G(x,7,x',7") = K(1)G(x,7 — 1,x',7)

where
B dH|, Hol, \" | + Hol,_1\" OH|,_;
K(T) = (1— 2n > <1_ 2[‘] U4(T_1) 1_ T 1— 2[‘]

® For n — oo and a — 0, this will produced the same continuum equation as
before.

. 2
® We get correction terms of O (32, "—)

n
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Conclusion and outlook

® Euclidean space calculation of soft function can be analytically
continued to Minkowski space result.

® Continuation only valid for space-like Wilson lines that are both future
pointing or both past pointing.

® S.atio should give correct rapidity and b dependence and cancel linear
divergence in L

® S.atio on the lattice should give a time independent object and cancel
the UV divergence associated with the Euclidean auxiliary propagator

® Ongoing lattice computation
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Thank youl!

Group members

Anthony Francis (NYCU), Issaku Kanamori (R-CCS, RIKEN), C.-J. David Lin (NYCU),
WM (NYCU), Yong Zhao (Argonne)
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Backup slides
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Regular and improved derivative
_ 6H|T H0|7— ! T H0|7'71 " 6H|'rfl
K(T)_<1— 2n>(1— 2n) Uj(r—1) (1~ —5- 1-—

® Regular forwards-backwards derivative:

Ho = —irA*
§H =0

® Improved derivative (correction terms up to O(a%)):

Ho = —ir (Ai — éAJFAiA_)

ir 1
SH=—=ATATA™ + —(rA*)? —
6 + 4n(r )

2+n
" 64n3 (rAi)4
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Coordinate space

Perform integration in coordinate space:

/ (ddl)(d e*ik(b+sﬁA7tﬁB)i2 :/ / ddk Uk o= (btsiia—tiis)’/4u
2m k
r(d/2 - 1) 1

(4m)¥2 (b + siia — tiig)2/4) 7>

‘u" integral only valid for

(siia — tiig)” = s*((ma)? = (na)?) + t2((n3)* — (np)?) + st(mank + nang) > 0

Euclidean space integral only finite when:

[mal > Q. Ing| > Ingl.  mang + nani >0

— |l >1, |r|>1, n%n%(rar, +1)>0
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