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Nielsen-Ninomiya Theorem [Nielsen and Ninomiya 1981]

• prohibits a hermitian construction of d-dimensional fermion

lattice action SF :

• 1. D(x) is exponentially local, which implies that the operator

is bounded by ∼ exp(−|x |/c), where c ∝ a ;

• 2. D̄(p) = iγµpµ +O(ap2) for p ≪ π/a;

• 3. D̄(p) is invertible for p ̸= 0 (no massless doublers);

• 4. γ5D + Dγ5 = 0 (continuum chiral symmetry),

where D(x) is a Dirac matrix satisfying

SF = ad
∑

all lattice points

ψ̄(D +m)ψ, (1)

and the D̄(p) is a Dirac matrix on a momentum space
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Naive Non-Hermitian Lattice Fermion

• use forward finite difference operator (breaks Hermiticity)

D(n1, n2)α1,α2 ≡ (γ1)α1,α2(δn1+1,n2 − δn1,n2)/a [Stamatescu,

Wu 1993]

• non-physical poles do not provide additional degrees of

freedom when taking the continuum limit

• preserves chiral symmetry without square-root operators

• quenched averaging over all directions imposes the hypercubic

symmetry
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Two Flavors

• two fermion fields in 1d with a degenerate mass, the lattice

action is

SFD

= a
N−1∑
n=0

(
ψ̄1(n)

(
D(n) +m

)
ψ1(n)

+ψ̄2(n)
(
− D†(n) +m

)
ψ2(n)

)
. (2)

• a non-negative determinant after intergrating our the fermion

fields:

det(D +m) det(−D† +m)

= det(D +m) det
(
γ5(−D† +m)γ5

)
= | det(D +m)|2. (3)
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HMC

• introduce the pseudo-fermion field (bosonic field ϕf ) to

rewrite the partition function as in the following∫
Dψ̄Dψ exp(−SFD)

∼
∫

Dϕf ,RDϕf ,I exp
(
− ϕ†f

(
(D +m)(D† +m)

)−1
ϕf

)
,

(4)

where ϕf ≡ ϕf ,R + iϕf ,I .

• implement the Hybrid Monte Carlo algorithm to calculate:

Oαβ
jk ≡ 1

2
⟨ϕ†αf ,jϕ

β
f ,k + ϕ†βf ,kϕ

α
f ,j⟩ =

(
(D +m)(D +m)†

)αβ
jk
, (5)

where j , k = 1, 2, · · · ,N; α, β = 1, 2.
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Numerical Result
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Figure: We use the HMC to get consistent results with the exact solution. The

number of measurements is 212 sweeps with thermalization 26 sweeps and

measure intervals 25 sweeps. The error bars are less than 1%. The Nsteps is the

number of molecular dynamics steps.
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2D GNY Model

• GN model is UV finite, but it cannot be extended to four

dimensions

• studying the Gross-Neveu-Yukawa (GNY) model

SGNY[ψ̄, ψ, ϕ] =

∫
d2x

(
ψ̄(̸∂ +mF + ϕ)ψ − ϕ□ϕ+

1

2g2
ϕ2

)
(6)

• GNY model introduces an additional scalar field ϕ to the GN

model, primarily to ensure renormalizability in four dimensions

• kinetic term for ϕ may influence the UV behavior of the

model, the expectation is that the essential property of

asymptotic safety will still hold in the GNY model
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Correlator
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Asymptotic Safety
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Conclusion and Outlook

• non-Hermiticity allows doubler-free fermion formulation with

successful lattice implementation via HMC

• 2D GNY model shows asymptotic safety

• extend to 4D simulation and applications to QCD-like theories
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Thank you!
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