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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &
> test: deep inelastic scattering (DIS)

> large momentum transfer Q? = —¢?

QZ

> Bjorken parameter & = 3
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Parton Distribution Functions

> PDF: probability of constituent with momentum fraction &

> test: deep inelastic scattering (DIS)

> large momentum transfer Q? = —¢?
> i Q2
Bjorken parameter & = 3

» factorization:

/o(f, Q)= g Q) wa

experiment perturbative non-perturbative

[Schwartz 2014]
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> PDF: probability of constituent with momentum fraction &

> test: deep inelastic scattering (DIS)

> large momentum transfer Q? = —¢?
> i Q2
Bjorken parameter & = 3

» factorization:

o(6,Q%) =4(6Q%) R
o (€ Q%) +<£, ) WQQ | 2 x ;
experiment perturbative non-perturbative X /%
=

S[F(© = [ dz e (Pli(z )y Wz < 0)u(0)|P)

[Schwartz 2014]
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> PDF: probability of constituent with momentum fraction &

> test: deep inelastic scattering (DIS) Euclidean

> large momentum transfer Q? = —¢? ©
= L N

> Bjorken parameter & = % - 0 .

» factorization: —1_1 (‘) )

0-(57 QQ) = 6(63 Qz) f\l’ (g) space
. A A~ = .
experiment perturbative non-perturbative
ot _ Minkowski
S| F(©) = [ dz e P (Pl(z)y Wz < 0)u(0)]| P) 1

) —
E o Xp

» z7: lightcone coordinate + @

> lattice QCD in Euclidean space: lightcone — point _1_1 0 1

» Hamiltonian formalism: lightcone in Minkowski space
— use tensor network states/quantum devices
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Tensor Network States

[p)y=" > VI 5)®|n)®... 0 |sy)

N . .
generic state scales exponentially S sy
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Tensor Network States

[p)y=" > VI 5)@|5)®... 0 |sy)

N . .
generic state scales exponentially S sy

> tensor network state as ansatz L ) 5 N
S152---SN _ )1, 52, »S3 >SN
v = Y ATATA A

5 i1,h2 i2,i3 7 Vin—y
» 1d: matrix product state (MPS)
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— 5152...5N
> generic state scales exponentially ) = Z v [s1) @ls2) @ ... ®sw)

51,525-++5SN
> tensor network state as ansatz D 1 ) 3 N
S152---SN )1, )52, »S3 >SN
v ~ Z Ai1 AI'1,I'2 Al'27l'3 e AiN—l
{ix}=1
» 1d: matrix product state (MPS)
. . . - 1 1 1 1 1 1
> truncation to bond dimenion D ' ' ' ' ' '

> polynomial resource scaling
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— 5152...5N
> generic state scales exponentially ) = Z v [s1) @ls2) @ ... ®sw)

51,525-++5SN
> tensor network state as ansatz D 1 ) 3 N
S152...SN ., »S1 352, 353 sSN
v ~ Z AI'1 Al'l,l'z Al'27l'3 T AiN—l
{ix}=1

» 1d: matrix product state (MPS)

> truncation to bond dimenion D

> polynomial resource scaling

ground states

» good for ground states and low excited
states [Hastings 2007]
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(o] Je}

Schwinger Model [Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
> fermion couples to gauge boson — partons

> bound states — hadrons [Baiuls et al. 2013]

> scattering — PDF [Dai et al. 1995]

> Lagrange density: - 1

grane g L =‘U(f(?—gA—m)W—ZFWFW—AoP

Fuy =0,A, = 0,A,
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Schwinger Model [Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry

> fermion couples to gauge boson — partons

> bound states — hadrons [Baiuls et al. 2013]

> scattering — PDF [Dai et al. 1995]

> Lagrange density: -
grang Y L=U(ij-gh m)\IJ—fF FP _Aop

Fu =0,A, - 0,A,

» for TN/QC: transform action into spin-model Hamiltonian:

[\9)
N
[0
N
\5)
0q
N
I\)M—l
—~~
/\
,_.
N—’
~
+
Q
N
SN—
+
Q
=
N—
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Lightfront matrix elements

(PIW(z )y W(z" < 0)w(0)|P)
> (P|o" (27 ) Wy-coo (0)|P) +...
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

—>(P|o’+(zf)Wz—<_00'7(0)|P)+... gl T ] 4

> lightcone
— small time- and space-like steps

[e)]
T
\ l
N
N
—
|

> time evolution:

e—iTH ~ (e—iéTHe —idTH,

oo @107 HL ) N~

°e

> spatial evolution:
change electric field along the path
—move static charges

| S (S S (N S S
OO OO0 7 7 5 5 w

time t [lattice units]
N~
T T T
7
6‘*/5{ .
o)
| |
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

—>(P|o’+(zf)Wz—<_00'7(0)|P)+... gl T ] 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:

e—iTH ~ (e—iéTH —idTH,

oe @

we —i(S'rHL)NT

> spatial evolution:
change electric field along the path
—move static charges

N
T T
l—ﬂ
AN
€4

time t [lattice units]
N
T
oy
|

0 2 4 6 8 10
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (P|o" (27 )Wy-co0 (0)|P) +...

> lightcone
— small time- and space-like steps

> time evolution:

e—iTH ~ (e—iéTH

eo e—i5TH

oo @107 HL ) N~

> spatial evolution:
change electric field along the path
—move static charges

Schwinger Model
[efe] ]

[e)]

N

time t [lattice units]
N

0 2 4 6 8

Manuel Schneider Direct calculation of PDFs with time evolved TNSs




1 Distribution Functions I States Schwinger Model

ooe

Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

—>(P|o’+(zf)Wz—<_00'7(0)|P)+... gl T ] 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:

e—iTH ~ (e—iéTH —idTH,

oe @

we —i(S'rHL)NT

> spatial evolution:
change electric field along the path
—move static charges

N
T T
l—ﬂ
AN
€4

time t [lattice units]
N
T
oy
|

0 2 4 6 8 10

Manuel Schneider Direct calculation of PDFs with time evolved TNSs



Parton Distribution Functions

Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (P|o" (27 )Wy-co0 (0)|P) +...

> lightcone
— small time- and space-like steps

> time evolution:

e—iTH ~ (e—iéTH

eo e—i5TH

oo @107 HL ) N~

> spatial evolution:
change electric field along the path
—move static charges

Schwinger Model
[efe] ]

[e)]

N

time t [lattice units]
N

0 2 4 6 8

Manuel Schneider Direct calculation of PDFs with time evolved TNSs




1 Distribution Functions I States Schwinger Model

ooe

Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

—>(P|o’+(zf)Wz—<_00'7(0)|P)+... gl T ] 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:

e—iTH ~ (e—iéTH —idTH,

oe @

we —i(S'rHL)NT

> spatial evolution:
change electric field along the path
—move static charges

N
T T
l—ﬂ
AN
€4

time t [lattice units]
N
T
oy
|

0 2 4 6 8 10

Manuel Schneider Direct calculation of PDFs with time evolved TNSs



Parton Distribution Functions

Lightfront matrix elements
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matrix elements

= 10; x = 100; D = 80; N = 100; V = 100
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¥ n
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00 000 00@0000

PDF

i/ =10; x = 100; D = 80; N+ = 100; ¥/ = 100

(= T T T T T T T T T -]

> £>0: fy ~ symmetric
around ¢ =0.5
> antifermion PDF:

F5(6) = ~fu(-6)
> () = £(6)

= meson v~

PDF fy (&)
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Bjorken parameter ¢
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[e]e] le]e]ele)

PDF
D = 80; N =100
T T T
14 | m (L,x) |
“ = 1 =40 (380,1000)
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101 — fz7 =5 (150,25) || around £=0.5
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Results
x-dependence

= 10; V =100; D = 80; N+ = 100

0 ‘ ‘ [ x =80 5.44
—§- x =100
41 || == x =200 5.42
—A x =300 ~
== x = 600 N
21 || == x = 1000 2
5 === x = oo fitl &5'38, ]
> 0 gy Wt — x — oo fit2
g 5.36 | .
2l | 5.34 L | T
0 0.05 0.1
4] i 1/V/x
- == fitl: 5.4465 - 0.4737/\/x
-6 | | | — fit2: 5.4326 — 3.3459/X
-1 -0.5 (£) 0.5 1 ® extrapolation x — oo
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Results

N-dependence

0O000e00

M =10; x = 100; D = 80; N+ = 100 -
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5 |
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0 001
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=== fitl: 6.0674 — 68.4080/N
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Manuel Schneider

® extrapolation N — oo

fit3: 5.8944 — 25.4653/N - 2441.7/ N?
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lightcone distribution amplitude (LCDA) [preliminary]

10
Ee=m=40
LCDA: decay or hadronization m =20
8 E=m=10 [}
-
E==m=25
Q m— 6 i i
CLp—) (1)) = {
< { |\
4+ LN -
2 | \
©° — q(u)q(1-u) >y J L
0 — | ‘
0 0.25 01.15 0.75 1

ifé (u) = fdz-e"“”*f (0|27 W(z < 0)(0) | P)
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Summary & Outlook
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1 Distribution Functions

Summary

Summary:
@ 1 1 1 1 1 1
» PDF — universal structure of hadrons 3 \72 !
+ C——_—
> Euclidean space: lightcone — point t g : : :

X 5| o
» = use tensor network states / quantum devices

» Schwinger model:
fermion- and anti-fermion-PDF for the vector meson

PDF fy (&)

Outlook:
> further lightcone observables

[=]- : 5| |
[arXiv:2504.07508] | L |
v -1 -0.5 0 0.5 1
[arXiv:2409.16996] Bjorken parameter ¢

26 August 2025 18 / 18

» same analysis for QCD @
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Contributions to error for m =10
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Results: N -dependence
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Lcu-dependence: truncation of electric field

/M =10; x = 100; V = 100; D = 80; Ny = 100

8 I I I I I
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6 e Loyt =2
0 Lcut =4
4l A [..=8
: Lewy =10
+ Lo =12
== L.t =20
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Singular values and cutoff

Schwinger model, L =14, u=0.125, x = 10, 2nd excitation
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Efficient Tensor Network operations

> Find groundstate and excited states

o - My - EHEHEHEHIHE /(0 0

> Apply operators / time evolution

| | | | | |
ow-1 () | -9 YYYT?

> Calculate overlap
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Spin formulation of the Schwinger Model

- 1
£ =0(id ~ gA-m)\V= Fu F" ~ Aop

H=—iV~ (0 - igAl)\U+m\T!\U+%E2

Legendre transformation
(E = Fo1)
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Spin formulation of the Schwinger Model

- 1
£ =0(id ~ gA-m)\V= Fu F" ~ Aop

H=—iV~ (0 - igAl)\U+m\T!\U+%E2

i T i6 g it ag2 )
H:_ZZ(qbne "Pni1 = Ppir@ n¢n)+m2(—1) ¢HQ)H+7ZL"

W pper(X) if n even

\Ulower(x) if n Odd,

staggered fermions
(9=agA1,gL=E) ¢n~{
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Spin formulation of the Schwinger Model

- 1
£ =0(id ~ gA-m)\V= Fu F" ~ Aop
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k<n
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Spin formulation of the Schwinger Model
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Spin formulation of the Schwinger Model
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Spin formulation of the Schwinger Model
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Lattice forumlation of PDF

PDF for lattice spin model:
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Light-cone structure
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