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◉ Quantum Phase transition (QPT) at T=0
With a continuous change of system parameters, the quantum ground state 
undergoes a nonanalytic change, particularly in its quantum phase structure. 

・1D XY spin chain 
・superradiance phase transition 
・Topological materials

・ Application to QPT

<latexit sha1_base64="1fMK8WeyomWyQNINeX69jULE+Mc="></latexit>{[Carollo, et al., 2005]
Singularity  
of the Berry phase

S. Sachdev “Quantum Phase Transition”

<latexit sha1_base64="MPA/3jzG6yAoWWsYzkVwlg8q68g="></latexit>

Ĥ(k)� g(k)� = Eg(k)� g(k)�

Introduction

<latexit sha1_base64="rhZeIIkCrksI9fhsIZ7VYM2tDXM="></latexit>� g(k)� = ei⌘(k)� ′g(k)�
quantum phase factor (physically same)

・Berry phase

[Berry 1984]
<latexit sha1_base64="2r1UsJ8zkBGfOpf04BXN7PqeRho="></latexit>

⌘g ∶= �
C
Aµdk

µ = (−i)�
C
� g(k)�@µ g(k)�dkµ

(topological invariant : holonomy) Berry connection

<latexit sha1_base64="vC9NTP9C7eRi4pUHq5cPZ7Byj/M="></latexit>

k(     system parameter)

Ground state :



Geometric structure of a pure quantum state

◉ Principal fiber bundle 
<latexit sha1_base64="TnusvDVfAgQuP55eYYeDCMvkjU4="></latexit>

P (B,G)
Physical projective space 

<latexit sha1_base64="tiV0Le/CvfIrZzs/MSTYTxkbrc0="></latexit>[ (k)] ∼ ei⌘(k)� (k)�
<latexit sha1_base64="HQswxtysUF5WmCYroL3dyZfQsJE="></latexit>

P

projective Hilbert space

fiber structure

<latexit sha1_base64="6MVtj/zxWDqislPneq6yFbM7tI0="></latexit>[ (k)]
<latexit sha1_base64="IgDsIBklzt+h/RuDcApIqaETA6M="></latexit>[ (k′)]

Berry connection
<latexit sha1_base64="edKyPJWrIBVxthjPu3uvoPJrfY4="></latexit>

Aµ(k) ∶= −i� g(k)�@µ g(k)�
Geometrical phase (topological invariant, global)

<latexit sha1_base64="otfPt+V3yS7c1joWQLYdCCJv9Zg="></latexit>

⌘g = �
C
Aµdk

µ = �
S
Fµ⌫dk

µ ∧ dk⌫

<latexit sha1_base64="xLrSCzy7/2B5Hd2cSjfZuQKh1dk="></latexit>

� g� ∈HGround state in the Hilbert space

B. Simon, PRL 51, 2167 (1983)

Quantum geometric tensor (local field)
<latexit sha1_base64="Jau5Db+kwR4QmghCH/Y1qnEJHz8="></latexit>

Qµ⌫(k) = �@µ g �@⌫ g� − �@µ g � g�� g �@⌫ g�
(Zanardi 2006)

<latexit sha1_base64="LIYYYWAt9EkUw+EmGnsXEOBbfkI="></latexit>

B

<latexit sha1_base64="dq1f7kFBQmGZdRKU5ULlYQB5S6E="></latexit>

G

To define a path across the fibers :



◉ Bosonic QPT system

◉ Problem 
・Berry connection based on Hilbert space inner product is inapplicable. 
・A new definition of the connection is needed for a bosonic QPT system.

◉ Purpose  
・A new definition of connection (QGT) for the entire parameter space. 
・Drawing a geometric structure based on QGT: Kähler => pseudo-Kähler structure

unstable
<latexit sha1_base64="IJJdTBy7WRel1LP7ZcDMVFY0Mb0="></latexit>

k∥ > �k3�

 stable 
vacuum

<latexit sha1_base64="Ua/aFSSC2j7LskB84r6rjNrDMqk="></latexit>

k∥ < �k3�
<latexit sha1_base64="0G0l/903q1MnE/csQJi4oR/n7W4="></latexit>

k∥ � �k3�
<latexit sha1_base64="aDOQE8LxCJ/GvQaHz1SwKuYayvU="></latexit>

Ĥ(k) = k3

2
�â†

â + ââ†� + k∥
2
�e−i✓â†2 + ei✓â2�
virtual transition

divergent series
<latexit sha1_base64="+OYjJx9VAvLuxINZsJNkMGTXqhY="></latexit>� g(k)� = ∞�

n=0 cn(k)�n� <latexit sha1_base64="bK5GVhV5UHWo0aweDOYrkTKt75g="></latexit>

∉H

Ground (vacuum) state

e.g. Parametric amplification 
instability of quantum vacuum



 Lie algebra：
<latexit sha1_base64="PrmuQWHtryjEdAD3YwX/rzIWNv4="></latexit>
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<latexit sha1_base64="TJg1uJjUJqHCCAp6HJ79djcxkjQ="></latexit>

su(1,1)
・Generators

<latexit sha1_base64="rtcZtdlUVU65FkGndkUzd2RjAxw="></latexit>

K̂3 = 1

2
�ââ† + â†â� , K̂1 = −i1

2
�â2 − â†2� , K̂2 = 1

2
�â2 + â†2�

Model General form of a single boson quadratic coupling 

<latexit sha1_base64="6kyI3AgoDZzYXrMtVh6aoxd6yXc="></latexit>

Ĥ(k3, k∥, ✓)
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Parameter space :
<latexit sha1_base64="bAXEW71RcV6ijDT6p6n3cZDkmwU="></latexit>

k = (kµ) = (k1, k2, k3) = (k∥, ✓, k3) ∈ R3

<latexit sha1_base64="vQUEJ+WGlocK9BOqVgisayG1WMQ="></latexit>

k1 = −k∥ sin ✓ , k2 = k∥ cos ✓cylindrical coordinates
unperturbed frequency

<latexit sha1_base64="WnHyvISS1U4O/BfP56p8DMFLoJg="></latexit>

k3
perturbation strength 

<latexit sha1_base64="pCZtMK76FiNdn+v0nAyH20ST07M="></latexit>

k∥ phase <latexit sha1_base64="0vKllErxTlfxgopLDgBgN7BjsL4="></latexit>

✓

We obtain the eigenmodes                                   
<latexit sha1_base64="RcS/kx4v6tWUnHcDUoYbUjc8wP8="></latexit>{'̂(k), '̂�(k)}

=> QGT  corresponding to 
<latexit sha1_base64="RcS/kx4v6tWUnHcDUoYbUjc8wP8="></latexit>{'̂(k), '̂�(k)}

<latexit sha1_base64="mV3ksQ/pGA1/XNgJKDG91qdTI5w="></latexit>∈ su(1,1)<latexit sha1_base64="acA4QtfSfz3iY1JO1FhsmTdqOb0="></latexit>

Ĥ(k) = k3K̂3 + k1K̂1 + k2K̂2Hermitian

<latexit sha1_base64="JUpiExXK91tHiAsJ9IGK4R62+AI="></latexit>

k1

<latexit sha1_base64="xVS4WPQsE+O4eBf0eCxNSL205H8="></latexit>

k2

<latexit sha1_base64="WnHyvISS1U4O/BfP56p8DMFLoJg="></latexit>

k3

<latexit sha1_base64="pCZtMK76FiNdn+v0nAyH20ST07M="></latexit>

k∥

<latexit sha1_base64="0vKllErxTlfxgopLDgBgN7BjsL4="></latexit>

✓

<latexit sha1_base64="WnHyvISS1U4O/BfP56p8DMFLoJg="></latexit>

k3
<latexit sha1_base64="sMqo+zSBm3H6M2sAnecLFBZZpU0="></latexit>

k

virtual transition
: non-compact group



Hamiltonian matrix

<latexit sha1_base64="nNn4UU0wbGr9hsKozneyeM2BZhs=">AAAGhnichVTLbtNAFL0uEIp5tIENEpuBqlUilWhSoEW8VFEWZVHRR/qQOk1kO9PEil+yndJi+Qf4ARZISCAhQHwGG36ART8BsSwSGxbcmUybF00cxXMf55yZuXc8ZuDYUUzpoTZy5uy5zPnRC/rFS5evjI1nr25EfjO0+LrlO364ZRoRd2yPr8d27PCtIOSGazp802wsiPzmHg8j2/dK8UHAd1yj </latexit>

Ĥ(k) = 1

2
(â, â†)�k∥ei✓ k3

k3 k∥e−i✓��
â

â
†� = 1

2
⇠̂
T
H(k)⇠̂ ,

Heisenberg eq.
<latexit sha1_base64="OVsHywu69HZrXMDhHUklQ7uekWQ="></latexit>

i
d

dt
⇠̂(t) =⌦H(k)⇠̂(t) = L(k)⇠̂(t) (= [⇠̂(t), Ĥ(k)])

Liouvillian
<latexit sha1_base64="wuoveflZgIG+I1kuP7QIh8CBQSI="></latexit>

L(k) =⌦H(k) = � 0 1−1 0
��k∥ei✓ k3

k3 k∥e−i✓� = �
k3 k∥e−i✓−k∥ei✓ −k3 �

Representation in terms of the complex phase (symplectic) space

    Symplectic form is represented by
C. Weedbrook et al., RMP 84, 621(2012)

<latexit sha1_base64="pRtX7dQ5NxuebDvLd2XZaAejxVs="></latexit>

[â, â†] = �â, â†�� 0 1−1 0
�� â

â†� = 1

Complex eigenmodes across the parameter space
<latexit sha1_base64="JYk++PKnzS8Hq+KSPRyZoHHvf0k="></latexit>

⇠̂ = (â, â†)T

<latexit sha1_base64="foX5dZ7QUCeYN+896++a/LzOOWA="></latexit>

â

<latexit sha1_base64="XZggl1abym/omt7uioUOZvzaSHU="></latexit>

â†

basis of complex  
phase space

Basis of the complex phase space: 
<latexit sha1_base64="JYk++PKnzS8Hq+KSPRyZoHHvf0k="></latexit>

⇠̂ = (â, â†)T  symplectic form
<latexit sha1_base64="/jd4wXyknpSO88qjDZ5zr60Sqtg="></latexit>

⌦

Nonhermitian
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・ Diagonalization of     
<latexit sha1_base64="BvTySN+GW3Z6mojPtMmGjNvP++o="></latexit>

L

<latexit sha1_base64="WjJuZfKjhsD1oW6dKKlFxzOphzg="></latexit>

�̃↵(k)L(k)�↵(k) = Z↵(k) = �z↵(k) 0
0 −z↵(k)�

<latexit sha1_base64="QncOiC8L1JSvWMLcGEhkbCf3kgw="></latexit>

�̃T
↵⌦�̃↵ =⌦ , �T

↵⌦�↵ =⌦ , �̃↵�↵ = Isymplectic

Equienergy surface
<latexit sha1_base64="2yVyNBJgbAHIq0AXuUYPL6pbVcM="></latexit>

z↵(k) = (k23 − k2∥)1�2
phase boundary 

<latexit sha1_base64="JBGKnUP9NVTMhJd7+jnkOYLqAkc="></latexit>�k3� = k∥
<latexit sha1_base64="+LowsETqBsiWCdM3dtugrymMtIA="></latexit>

Re[z(k)] ≠ 0
<latexit sha1_base64="u/qr/dY1cfjRgXdOjniMAzq+HCM="></latexit>

Im[z(k)] ≠ 0

: index of Riemann sheets
<latexit sha1_base64="/h91aSDW0ytvV6sD52fBggGA6OU="></latexit>

↵ = 1,2

<latexit sha1_base64="B4Jjorn9tKqondbbwVkeWa7/e5Q="></latexit>

⌦L⌦ = LT・Symplectic symmetry



◉ Transformation bare to the “eigenmodes”
<latexit sha1_base64="JYk++PKnzS8Hq+KSPRyZoHHvf0k="></latexit>

⇠̂ = (â, â†)T

<latexit sha1_base64="foX5dZ7QUCeYN+896++a/LzOOWA="></latexit>

â

<latexit sha1_base64="XZggl1abym/omt7uioUOZvzaSHU="></latexit>

â†

<latexit sha1_base64="rQc2rzl+CbmTUv8NjlPjCluIKkc="></latexit>

�̂ = ('̂, '̂�)T
<latexit sha1_base64="dLs4EpgaPb4vuQjnZN7Lv6iiSX8="></latexit>

'̂

<latexit sha1_base64="BkzIaG5UeTyvJrIZEErkuQguuqY="></latexit>

'̂�

◉ Diagonalization of the Hamiltonian
<latexit sha1_base64="nZMchZDsLDb1aQAVZEY6LYV4l14="></latexit>

Ĥ(k) = z↵(k)
2
('̂�↵(k)'̂↵(k) + '̂↵(k)'̂�↵(k))

(Hermitian with complex eigenvalues in unstable region )

<latexit sha1_base64="9gzoxq/c1auFJigtbw50ad/etXk="></latexit>

�̂(k) = �'̂↵(k)
'̂�↵(k)� = �̃↵(k)� ââ†�

stable
unstable

<latexit sha1_base64="9th81zIv5hojJzjlwEuPWoC0Kkg="></latexit>�������
�↵ ∈ R , �k3� > k∥
�↵ ∈ C , �k3� < k∥hyperboloid angle

<latexit sha1_base64="NHF5PO/ta1STfVki0xvU1mVBzyE="></latexit>

�↵ = 1

4
ln�k3 + k∥

k3 − k∥ �

・Analytic symplectic transformation
<latexit sha1_base64="CJDb6x8WRT1fV+0fPqI2qF1qC+k=">AAAHsHicjVRLb9NAEJ6aR0p4tIULEpeFqlV7oNpUqCCgqKIc4FDRdyuxbbR2tslSv2Q7gWL5D/AHOHCiEgfEz+DSK0gc+hMQxyJx4cDs2jSJ88JRvLOz3/fN7Mx6Td+WYUTp8ZBx5uy584XhC8WLly5fGRkdu7oZevXAEhuWZ3vBtslDYUtXbEQyssW2HwjumLbYMvcX1fpWQwSh9Nz16MAXOw6vunJPWjxCV3nMeBAzMyTMr8 </latexit>

�↵(k) = �'̂↵(k)
'̂�↵(k)� = �̃↵(k)� ââ†� = �ei⌘↵(k) 0

0 e−i⌘↵(k)��e
i✓
2 cosh�↵ e

−i✓
2 sinh�↵

e
i✓
2 sinh�↵ e

−i✓
2 cosh�↵

�� â
â†�

always satisfied
<latexit sha1_base64="NtxrbQhJ20E08Xn/CBv/YdC3H2I="></latexit>

'̂�↵(k′) ≠ '̂†
↵(k) (unstable)

<latexit sha1_base64="NZ0OsrrVHYtEdMlZ37e8rDn7yF8="></latexit>['̂↵(k), '̂�↵(k)] = 1

gauge freedom
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Geometrical structure : principal bundle with U(1) structure group

 ・Operator projective space
<latexit sha1_base64="iQWkDWJS0MoTwCNWp4sL0n9k7mA="></latexit>[�↵(�)] ∼ exp[i⌘↵(�)]�↵(�)

・Principal bundle manifold
<latexit sha1_base64="8kdbYQY9Y1OmYaNAvW/iI9v8jII="></latexit>

P (B,G)

: Projective space manifold
<latexit sha1_base64="mySsvz661H1E4nvTrA15xqvM7hw="></latexit>

�(t)

<latexit sha1_base64="WXqedRar8WsWeCyqXNGK1qFVfCE="></latexit>

P

<latexit sha1_base64="8d6bDtftzsB+IDHUq0mphFbB9qk="></latexit>

�µ = (✓,�)<latexit sha1_base64="nGRYmIC4R4r6VNKDlmncMvnROac="></latexit>[�(�)]

<latexit sha1_base64="kHSAdJd6CgvZyUJDCdN31IKE5fU="></latexit>[�(�′)] <latexit sha1_base64="0pvbaDDhwxsZ/hXwkkYObAfgr6A="></latexit>⇡

<latexit sha1_base64="CXnrHixm3vldv9jQ6ab3odPfaGA="></latexit>

�̃(t) : Principal bundle manifold

<latexit sha1_base64="OfpRHAHlh7Psfyhr9JnC+9+U0nI="></latexit>

B

<latexit sha1_base64="2MErjh9K+y3hkvGjlDAENlfDXZE="></latexit>

u = (�, g(�)) ∈ P

<latexit sha1_base64="YBjM9g+frfEaqq9DBx5Y8Zr0UhE="></latexit>

� = (�µ) = (✓,�)Local coordinates on B

<latexit sha1_base64="Dt1p0PMSAOouH+Gd0PLJxu5tGzw="></latexit>

g(�)

<latexit sha1_base64="Qd8RAsjPEhKvGWcEq4+Ie8K831Y="></latexit>

Hu(P )
<latexit sha1_base64="WAPGux8EY5hobx7USmbUE/oBlAA="></latexit>

Vu(P )Berry connection
<latexit sha1_base64="RDU7pjboDl6GseiE3LaIZRlsYbo="></latexit>

Aµ(k)



◉ Ehresmann connection
<latexit sha1_base64="eKMO2WOrLDNEWLh3BijNJq54h+A="></latexit>

Tu(P ) = Vu(P )⊕Hu(P )
Definition of the Berry connection in the bundle theory

<latexit sha1_base64="CyKTyVWUI8rS1IpJ1VWAjhgfUGA="></latexit>u

<latexit sha1_base64="gcAoPQIwh69BVcNw1QhmVbs2NJM="></latexit>ug

<latexit sha1_base64="ndKjn29PKEnsTneNCNTEWeGWh9A="></latexit>

Rg

<latexit sha1_base64="1CIZfqSdVvamc4z6pTXPEl8JOnk="></latexit>

Xu

<latexit sha1_base64="FyX2zRi7ipdovRzOvvQLJ4QHWZI="></latexit>

Xug

<latexit sha1_base64="zvmRc8mAzW1OrU4OG4woECby1lQ="></latexit>⇡↵

<latexit sha1_base64="WXqedRar8WsWeCyqXNGK1qFVfCE="></latexit>

P

<latexit sha1_base64="PyjoArX93drU5rCDu9CDFgESoPY="></latexit>

B
<latexit sha1_base64="9qZYj14J39cbsPup6Ux+ddAshDo="></latexit>[�(�)]

・Horizontal lift of the curve
<latexit sha1_base64="OLdpm/KeJITY77OwcuyAi0w3X3s="></latexit>

�(t) = (�µ(t))�→ �̃(t) = (�µ(t), g(t)) ∈Hu(P )

<latexit sha1_base64="8aiufqRxGTSEecRliEiHMbH/lsU="></latexit>

�(t)

<latexit sha1_base64="/YJjQjNujEf+FAmmkA67k0YJjUg="></latexit>

�̃(t)

Horizontal space
<latexit sha1_base64="GrJEGN1Netxmv7MM9dH6ULqpASQ="></latexit>

Hu(P ) = {Xu ∈ TuP � !(Xu) = 0}

Berry connection

We take
<latexit sha1_base64="4+64rcN2q+9oe6q0DK1v7j4/bKo="></latexit>

Aµ(�) = −i['e(�),@µ'�e(�)] on B

e:standard local trivialization

・Local   -valued connection 1-form on P
<latexit sha1_base64="ZKPIqLB6suB8nBSEEzisVLKWeGM="></latexit>

! ∈ g⊗ T ∗(P )
<latexit sha1_base64="SshHblRhLScJ/e7W7tgsRUTGsA4="></latexit>

!↵ = g−1↵ ⇡∗↵A↵g↵ + g−1↵ dP g↵
<latexit sha1_base64="R7h3d/GATJh2Ox/061gM9jL1hhs="></latexit>(A↵ ∈ g⊗ T ∗(B) )

<latexit sha1_base64="jnevmSSisCpn18IyQCyWZuzOvec="></latexit>

A↵ = A↵,µ(�)d�µ

<latexit sha1_base64="8+7LhQ1/APTTPtHIo/f8VeDeQRc="></latexit>g



Conservation of the canonical commutation relation

<latexit sha1_base64="F0q0oUyyxdXaka6t06F3UuwbhD0="></latexit>[',D(B)�µ '�] = [D(B)µ ','�] = 0
<latexit sha1_base64="qq8u0m2wQPzgfLVwkRpXJLrcMKw="></latexit>['(� + d�),'�(� + d�)] = ['(�),'�(�)] = 1

Berry connection and covariant derivatives are defined by the operator 
commutation relations.

Covariant derivative

・Covariant derivative on B

<latexit sha1_base64="N9S8t97kITzfyA3ui6hicPgJ4xg="></latexit>

D(B)µ = @µ + iAµ(�) = @µ + ['(�),@µ'�(�)]
D(B)�µ = @µ − iAµ(�) = @µ − ['(�),@µ'�(�)]

defines the tangent vector on the projective space

<latexit sha1_base64="6UgHoXVU7kmvj3wkYP5pBUro1E0="></latexit>

d

dt
�̃(t) = d�µ

dt
(t)D(P )µ �̃
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<latexit sha1_base64="AIPv1onh/CyFxX+rVRQEip9dcaw="></latexit>( cf. Qµ⌫(�) = �@µ g �@⌫ g� − �@µ g � g�� g �@⌫ g�)

Quantum geometric tensor (QGT): Local measure of the quantum geometry

<latexit sha1_base64="17hi4u/m4Z44VZhKmyQ829IEIs8="></latexit>

d�
<latexit sha1_base64="UZOH/3y98RyFCttDqXkgrqgrpdI="></latexit>

d✓
<latexit sha1_base64="17hi4u/m4Z44VZhKmyQ829IEIs8="></latexit>

d�
<latexit sha1_base64="UZOH/3y98RyFCttDqXkgrqgrpdI="></latexit>

d✓

<latexit sha1_base64="7qdllEWuxnyrxibj+EyeLD/CoMA="></latexit>

tanh2�↵ = k∥
k3

, tan ✓ = k2
k1

<latexit sha1_base64="/4F+uHyWqfD1d+zDkP3PVyY7vDc="></latexit>

Q(B)µ⌫ = �14 sinh2 2� − i
2 sinh2�

i
2 sinh2� 1

� = ����
1
4

k2∥
k2
3−k2∥ − i

2

k∥�
k2
3−k2∥

i
2

k∥�
k2
3−k2∥

1

����

<latexit sha1_base64="1NJgpDmel4ZeFl93Q3+o4Bq2oF0="></latexit>

Q(B)µ⌫ (�) ∶= [D(B)�µ '�(�),D(B)⌫ '(�)] = [@µ'�,@⌫'] − [@µ'�,'][@⌫','�]
Geometrical relation between the two tangent vectors of eigenmodes on B

non-commutativity => holonomy (Berry curvature)

(0,2)-type tensor on the projective manifold B



◉ Antisymmetric part : Berry curvature
<latexit sha1_base64="byYsRyrDr5/pUAeZ3GnpvYKS4gw="></latexit>

Fµ⌫ ∶= −i(Qµ⌫ −Q⌫µ) =
����

0 −1
2

k∥�
k2
3−k2∥

1
2

k∥�
k2
3−k2∥

0

����
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・Berry phase (topological invariant)
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◉ Symmetric part : Quantum metric
<latexit sha1_base64="tei8NGJBtlclx1yHAD1mhdKNE+Q="></latexit>

gµ⌫ ∶= 1

2
(Qµ⌫ +Q⌫µ) = ��

1
4

k2∥
k2
3−k2∥ 0

0 1

�
�

<latexit sha1_base64="17hi4u/m4Z44VZhKmyQ829IEIs8="></latexit>

d�
<latexit sha1_base64="UZOH/3y98RyFCttDqXkgrqgrpdI="></latexit>

d✓

<latexit sha1_base64="DkT0+hvgogVhhLSoPUBXv0mYgIQ="></latexit>

ds2 = gµ⌫d�µd�⌫ = ��
1

4

k2∥
k23 − k2∥

�
�d✓2 + d�2・Line element :Fubini-Study distance

real phase => 
  complex phase

divergence at QPT
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◉ Kähler structure …. compatibility of the three structures

・Symplectic structure : 
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Compatibility is still preserved.

complex partially negative 
(pseudo-Riemann)

QPT

Pseudo-Kähler structure

inherit to a pure quantum state
(Ashteker 1999)
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・Complex eigenmodes (frame) across the entire parameter space. 
・ We defined the QGT by introducing the covariant derivative.

Conclusion & Conjecture

I) Complex structure ……           
II) symplectic structure  … 
III) Riemann metric        …                  
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G

Quantum geometric structure of QPT system with SU(1,1) Hamiltonian

Kahler structure
Complex structure 
Symplectic structure  
Pseudo Riemann metric              

Pseudo-Kahler structure

bosonic 
QPT

Pseudo-Kähler structure …. Related to geometry of dissipative 
systems, vacuum instability, quantum gravity, and so on!



Carrier-Envelope Phase Control
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We stabilized the carrier-envelope phase of the pulses emitted by a femto-
second mode-locked laser by using the powerful tools of frequency-domain
laser stabilization. We confirmed control of the pulse-to-pulse carrier-envelope
phase using temporal cross correlation. This phase stabilization locks the ab-
solute frequencies emitted by the laser, which we used to perform absolute
optical frequency measurements that were directly referenced to a stable
microwave clock.

Progress in femtosecond pulse generation has
made it possible to generate optical pulses that
are only a few cycles in duration (1–4). This
has resulted in rapidly growing interest in con-
trolling the phase of the underlying carrier wave
with respect to the envelope (1, 5–7). The
absolute carrier phase is normally not important
in optics; however, for such ultrashort pulses, it
can have physical consequences (6, 8). Concur-
rently, mode-locked lasers, which generate a
train of ultrashort pulses, have become an im-
portant tool in precision optical frequency mea-
surement (9–14). There is a close connection
between these two apparently disparate topics.
We exploited this connection to develop a fre-
quency domain technique that stabilizes the
carrier phase with respect to the pulse envelope.
Using the same technique, we performed abso-
lute optical frequency measurements using a
single mode-locked laser with the only input
being a stable microwave clock.

Mode-locked lasers generate a repetitive
train of ultrashort optical pulses by fixing the
relative phases of all of the lasing longitudi-
nal modes (15). Current mode-locking tech-
niques are effective over such a large band-
width that the resulting pulses can have a
duration of 6 fs or shorter, i.e., approximately
two optical cycles (2–4). With such ultra-
short pulses, the relative phase between peak
of the pulse envelope and the underlying
electric-field carrier wave becomes relevant.
In general, this phase is not constant from
pulse to pulse because the group and phase

velocities differ inside the laser cavity (Fig.
1A). To date, techniques of phase control of
femtosecond pulses have employed time do-
main methods (5). However, these techniques
have not used active feedback, and rapid
dephasing occurs because of pulse energy
fluctuations and other perturbations inside the

cavity. Active control of the relative carrier-
envelope phase prepares a stable pulse-to-
pulse phase relation, as presented below, and
will dramatically impact extreme nonlinear
optics.

Although it may be natural to think about
the carrier-envelope phase in the time do-
main, it is also apparent in a high-resolution
measurement of the frequency spectrum. The
output spectrum of a mode-locked laser con-
sists of a comb of optical frequencies sepa-
rated by the repetition rate. However, the
comb frequencies are not necessarily integer
multiples of the repetition rate; they may also
have an offset (Fig. 1B). This offset is due to
the difference between the group and phase
velocities. Control of the carrier-envelope
phase is equivalent to control of the absolute
optical frequencies of the comb, and vice
versa. This means that the same control of the
carrier-envelope phase will also result in a
revolutionary technique for optical frequency
metrology that directly connects the micro-
wave cesium frequency standard to the opti-
cal frequency domain with a single laser (14).

We used a self-referencing technique to
control the absolute frequencies of the optical
comb generated by a mode-locked laser.
Through the relation between time and fre-
quency described below, this method also
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Fig. 1. Time-frequency correspondence and relation between !" and #. (A) In the time domain, the
relative phase between the carrier (solid) and the envelope (dotted) evolves from pulse to pulse by
the amount !". Generally, the absolute phase is given by " $ !"(t/%) & "0, where "0 is an
unknown overall constant phase. (B) In the frequency domain, the elements of the frequency comb
of a mode-locked pulse train are spaced by frep. The entire comb (solid) is offset from integer
multiples (dotted) of frep by an offset frequency # $ !"f rep/2'. Without active stabilization, # is
a dynamic quantity, which is sensitive to perturbation of the laser. Hence, !" changes in a
nondeterministic manner from pulse to pulse in an unstabilized laser.
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pulsed chirped pulse with CEP control
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�â†
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Vacuum parametric amplification by a chirped pulse with CEP control
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Quantum geometry

Quantum mechanics 
Quantum vacuum

QFT

Quantum optics

Quantum dissipation

Cosmology

Quantum gravity 
Hawking radiation Topological physics

Quantum geometry is a universal language that bridges various fields. 
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