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Introduction

@ Quantum Phase transition (QPT) at T=0 S. Sachdev “Quantum Phase Transition”

With a continuous change of system parameters, the quantum ground state
undergoes a nonanalytic change, particularly in its qguantum phase structure.

ﬁ(k’)hbg(k)) =FE,(k)|Y,(k)) (K system parameter)

Ground state : |1, (k)) :\zp;(k:))

[Berry 1984] quantum phase factor (physically same)

Bomy phase 7y = ) Aydb = (=) G (4 ()10, ()"

(topological invariant : holonomy) Berry connection

Singularity

: At » superradiance phase transition
Application to QPT P P of the Berry phase

[Carollo, et al., 2005] { 1D XY spin chain

- Topological materials



Geometric structure of a pure quantum state

@ Principal fiber bundle P(B,G) B. Simon, PRL 51, 2167 (1983)
Physical projective space [1(k)] ~ e ®) | (k))
To define a path across the fibers P ber structure

Geometrical phase (topological invariant, global)
- A dk“:[Fydk“/\dk”
Tlg ‘7% T o

Quantum geometric tensor (local field)

Quv(B) = (0u1g|0u1g) = (Ouibglthg (¥ g|0u1g) [V(k))

(Zanardi 2006) B
Ground state in the Hilbert space \) projective Hilbert space




@ Bosonic QPT system

ks kH < |ks| stable

K|

H(k) = - (ala+ad’) + 2 (e7a™ +ea?) vacuum
_. Ground (vacuum) state ki = |ks]
v, (k)) = > cn(k)n) divergent series k| > |ks| unstable
n=0
¢ 7’[ e.qg. Parametric amplification

@® Probl instability of quantum vacuum
roblem

- Berry connection based on Hilbert space inner product is inapplicable.
* A new definition of the connection is needed for a bosonic QPT system.

@ Purpose
- A new definition of connection (QGT) for the entire parameter space.
- Drawing a geometric structure based on QGT: Kahler => pseudo-Kahler structure



MOdel General form of a single boson quadratic coupling

Hermitian H(k) ks K5 + k1K1 + k2K2 esu(l 1) : non-compact group
. . virtual transition
(aa' +a'a) , K; = —25 (a2 —aﬁ?) Ky = E (a +5ﬁ2)

A

1
- Generators Kj3 = 5

2 " 2

: K Ko .ff:s Ko K Kl K Kl f(z
5u(1,1)LleaIgebra-[272]—22712’2] 2’[ ] 2
Parameter space : k= (k,) = (k1, ko, k3) = (ky,0,k3) € R

cylindrical coordinates ki = -k sinf , ko = kj cosf

unperturbed frequency k;
perturbation strength &k  phase ¢

We obtain the eigenmodes {o(k), o™ (k) }
=> QGT corresponding to {¢(k), 9 (k) } k1




Complex eigenmodes across the parameter space

8
a
Representation in terms of the complex phase (symplectic) space

) 1 10 A 1 - R
i) =@t (M 1) (5) - pE HME

al

¢ =(a,a")"
basis of complex

phase space
Hamiltonian matrix A

. a
Basis of the complex phase space: & = (&, &T)T ) symplectic form

Symplectic form is represented by [&7 &WL] — (&, &T) ( 01 é) (AaT) =1
C. Weedbrook et al., RMP 84, 621(2012) B @

Heisenberg eq. @‘%é(t) = ﬂH(k)é(t) = L(k)é(t) (= [é(t)»ﬁ(k)])

- ) (O )[Ry ks \_ ks ke
Liouvillian L(k) = QH(k) = (_1 O)( ka k’He_w) - (—k”ew —k3

Nonhermitian



- Symplectic symmetry QLQ = L'
Zo () 0
0 —Zao (k)

symplectic @ZQ@Q =), @ZQCI)& Q. o, P, =1

o = 1,2 :index of Riemann sheets

- Diagonalization of L, ~ ®,(k)L(k)®, (k) = Z,(k) =

T 3 7% B B TR ORI S S I PP R TP PRI 27 g— T e a5 B e B R A s A e e s Bk b —

Equienergy surface (b) Exceptional

1st Riemann k3 - surface

oK) = (K — k)

(a) ‘stable domain‘k3

phase boundary |k3| = k|

unstable domain
unstable domain

2nd Riemann

stable domain




@ Transformation bare to the “eigenmodes”

()~ (220 ) - a1

» Analytic symplectic transformation

¢Oz(k3) . (igg:;) — é]v:)a(k) (CA?]L) _

gauge freedom

lln(kig + ]{?H ) 604 € R : kg > kH stable
4 \ k3 -k Ba € C, k3| <k unstable

hyperboloid angle 3, =

LK) < 09 unstabe) (k). Za(K)] =1 sty st
Za(k)

(Pa(k)Pal(k) + Palk)py(K))
(Hermitian with Complex eigenvalues in unstable region )

@ Diagonalization of the Hamiltonian H (k) =



Geometrical structure : principal bundle with U(1) structure group

- Principal bundle manifold G) LocaI;:\Of)?i)jQ’;lth(gnﬁ?

- Operator projective space [@a ()| ~ exp[ina(A)|pa(A)

i /- N .
A(t) [/ P : Principal bundle manifold
(P)

u:(A,gLém))eP

, ,,...;i. ‘ ™ *
p(A )]}g\% s
V(t) ‘: B : Projective space manifold

—

Qb()\ A = (976)

Berry connection A, (k)




Definition of the Berry connection in the bundle theory

@ Ehresmann connection 71, (P) =V, (P) & H,(P) Aug

Horizontal space H,(P)={X,e¢T,P|w(X,)=0} ug

- Local g-valued connection 1-formon P we g® 1" (P)

1 _ (1
— galﬂ-OéAOégOé galdpg()é ( AO{ S g ®T*(B) ) ( )?

Berry connection (1) |

“Wetake 4,(A) = =ilpc(). 0,00 (N)]on | (a1 [

e’ standard Iocal tr|V|aI|zat|on

- Horizontal lift of the curve Y(t) = (A" (%)) — 7(t) = (A\"(%),9(%)) € H, (P)




Covariant derivative i A(t) = A"

o 5 D -, . - g - NG S5 - 2 < - A G 5 = < - SV (e ° . < =
ST S S SO O B PO IR NI PSRy TP D PP S N e o o o a2 e @ iars e —

(t) D5

N

' + Covariant derivative on B D“B On + 14u(A) = 0+ [2(A), 00" (A)] :
D =9, —iA,(A) =8, — [p(N), 0™ (N)] |

defines the tangent vector on the projective space

[0, D" 1= [DPp,0"]1=0
—> [p(A+dX), 0" (A +dN)] = [p(N), 9" (A)] = 1

Conservation of the canonical commutation relation

Berry connection and covariant derivatives are defined by the operator
commutation relations.



Quantum geometric tensor (QGT): Local measure of the quantum geometry

(0,2)-type tensor on the projective manifold B
Geometrical relation between the two tangent vectors of eigenmodes on B

Qpu’ (N) = [D77 0" (N), DL o(N)] = [0,9", 000] = [0™, 01000, 7]

non- Commutatlwty => holonomy (Berry curvature)

(cf Quu(A) = (Outhg|0uibg) = (Outhyltbg )(10g|0v1g))

d6 d3 d@kQ d3
. I ik
Q(B) 5 Smh 26 —5sinh2p) | 4 k2 - klf N
5 Smh 20 1 '

0

2 \/kg—kQ
k| ks

tanh 238, = — , tanf = —

ks k1 12



QGT across QPT Quv = guv ;FW

ks| =k divergence at QPT
@ Symmetric part : Quantum metric a0 ap positive =>

1 0 partially negative
Juv -= 5 (Quv + Quy) = | Arazhy Riemann =>
0 1 pseudo Riemann
1 Ky
- Line element :Fubini-Study distance ~ ds” = g, dX\"d\” = (4 2 _H % ) do” + dp*
® Antisymmetric part : Berry curvature ; g
0 L

Fuw = =i(Quv = Qup) = | &

I —
5T

- Berry phase (topological invariant) L'y = fSFWd)\“ AdN

2 (Tr2_12
VE=RE  real phase =>
0 complex phase




@ Kahler structure .... compatibility of the three structures (Ashteker 1999)

Inherit to a pure quantum state

1
{- Symplectic structure : (2 = §FWd/<;“ A dk”

- Riemann structure : G = g,,,d\"d)\”

N Complex structure : J = F G ! sothat J2=—1 d

0 hog | 0 Lsinh23) (1 0
L g ~ | -Lsinh? 0 0 —
—5 sinh 25 0 > sinh 25 Snh? 27

QPT el complex partially negative
(pseudo-Riemann)

Pseudo-Kahler structure

Compatibllity is still preserved.




Conclusion & Conjecture

- Complex eigenmodes (frame) across the entire parameter space.
- We defined the QGT by introducing the covariant derivative.

Quantum geometric structure of QPT system with SU(1,1) Hamiltonian

Kahler structure ﬁ Pseudo-Kahler structure

) Complex structure ...... J bosonic  Complex structure
1) symplectic structure ... QPT Symplectic structure
ll) Riemann metric G ey Pseudo Riemann metric

Pseudo-Kahler structure .... Related to geometry of dissipative

systems, vacuum instabpillity, quantum gravity, and so on! -



Vacuum parametric amplification by a chirped pulse with CEP control

A\

W s+ A 'O ~ —10 ~
H = 5 (a a+ aa )+ g (6296L2+€ 7’Qam)
detuning frequency : W <> kg = W — Qwex

Amplitude of the external field : f <> kH

Carrier-envelope-phase control :

pulsed chirped pulse with CEP control

E(t) —» AP |[— — > M} -
A }\
— 1Vl p=T —>|




Quantum geometry is a universal language that bridges various fields.

Quantum optics

Quantum mechanics -

Quantum vacuum —~

Quantum dissipation

[
Quantum geometry !
Cosmology QFT
N /
Quantum gravity —
Hawking radiation Topological physics
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Thank you for your attention
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