HYPERGEOMETRIC
FUNCTIONS

112022111 Ml




What is hypergeometric function ?

» We can see a ODE:
x(I—=x)y"(x) +[c—(a+b+ Dx]y'(x) —ab y(x) =0
The gereral solusion of this ODE is: \
y(x) =2F(a, b; c; x)
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We can define (a), =a(@a+1)(a+2)---(a+n—1), (a)y=1.
Using this notation, the hypergeometric function become
2Fi(a,b;eix) =) (azz)(b)" ’:: .

n=0




Confluent hypergeometric function

» We can see a ODE:
xy" +(c—x)y' —ay =0

The gereral solusion of this ODE is:
B ax ala+1)z? o _
yl(X)_l—l_EF_l_ C(C—|—1) 2' _I_ ) —M(a,C,X),

ya(x)=x"M(a—c+ 1,2 —c;x),

We can define M(a,c;z) =1 Fi(a;c;x)
Using this notation, the hypergeometric function become

(@)n
(c)pn!

1Fi(a;ce) = 502,




Confluent hypergeometric function
» The relation to hypergeometric function

1F1(a;¢2) = lim (3F1(a, b c; 2))
» The singularity or hypergeometric function
» 2F1 have three regular singularity z=0,z2=1,z =
» 1 F1 have one regular singularity 2 =10
one irregular singularity z — oo

» The confluent hypergeometric function arises when two
regular singularities of the Gauss hypergeometric
equation merge into a single irregular singularity at
infinity.

» This merging of singularities is not just mathematical — it
reflects the change in behavior of physical systems, for

example, from oscillatory to exponential decay near
infinity.




Relation to Other Special Functions

» There is some example:

F(a,b,b;x) = (1 —x)™¢, F(,4,3;x%) =x""sin' x,
F(1,1,2;—x) = x In(1 + x), F(3,1,3;—x%*) =x""tan"'x,

lim F(1,m,1;x/m) = e, F(% % x?) = 2x_l In[(1 + x)/(1 — x)],
F(t,—1,%;sin” x) = cosx, Fm+1,—m,1;(1 = x)/2) = P,(x),
F(% p, p;sin® x) = secx, F(m,—m, 2,,(1 —x)/2) = T,u(x),




Legendre polynomial
» Legendre differential equation:
(1 —=x%)y" —=2xy' +£(/ +1)y =0
» hypergeometric function:
x(I—=x)y"(x) +[c—(a+b+ 1)x]y'(x) —ab y(x) =0

1l—=x
2
» By this change variable, we can Transforms into the

hypergeometric equation

» Change variable: z=




Another special function

Pg (.CC)

B (x)

Jn()

Hs, (z)

Hyp ()
L,(z)

Ly ()

T, (x)

1 —
oFi (60411 ) Legendre

(0 +m)! (1 —z?)m/?
(L—m)!  2mm)!

11—z
gFl(m—é’,m—l—ﬁ—l-l;m—l—l; 5 );

e;l (g) 1Fi(n+ 1:2n+ 1; 2ix) ; Bessel

Hermite

F'n+k+1)
F(—n: 1: . .
W1 ikt La) Associated Laguerre

JF, (—n,n; L 1;’”) . Chebyshev

Associated Legendre



Application |: Potentials(Spherical Coordin

» Laplace’s equation(assume azimuthal symmetry):

0 oV 1 o aV
—(rP— )+ — sind— ) =0.
or or sin 6 69 06

» We use separation of variables:

V(r,0) = R(r)®().

» The solution is:

o0

B,
V(r,0) = Z (Alr + rm) P, (cos ).

[=0



Application ll: Harmonic oscillator

» Time-independent Schrodinger equation:

Rd>y 1 5,
_ - _ Ev.
om dx2 T ame v =Ey

» The solution is:

H,(£)e €72
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Va0 = (=7

h 2p!
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