
Special Discrete Distributions

From Binomial Distribution to Poisson Distribution



success failure

Experiment

Bernoulli trial



Bernoulli trial

𝑝 𝑥 = ቐ
𝑞, 𝑥 = 0
𝑝, 𝑥 = 1
0, 𝑜𝑡ℎ𝑒𝑟

𝑝 1 − 𝑝 ≡ 𝑞



Binomial random variable 

𝑝 𝑥 = 𝑃(𝑋 = 𝑥) = ቐ

𝑛

𝑥
𝑝𝑥 1 − 𝑝 𝑛−𝑥 , 𝑖𝑓 𝑥 = 0, 1, 2, … , 𝑛

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

× 𝑛 All p(success) independently

The number of successes
(A binomial random variable)



Distribution

𝑛, 𝑝 5, 0.5 10, 0.5 20, 0.5



𝑛 → ∞、𝑝 → 0、𝑛𝑝 = λ(𝑚𝑜𝑑𝑒𝑟𝑎𝑡𝑒)

Large number of trials

Small probability



Poisson random variable

𝑃(𝑋 = 𝑖) =
𝑛

𝑖
𝑝𝑖 1 − 𝑝 𝑛−𝑖

=
𝑛!

𝑛 − 𝑖 ! 𝑖!

λ

𝑛

𝑖

1 −
λ

𝑛

𝑛−𝑖

=
𝑛 𝑛 − 1 ∙∙∙ 𝑛 − 𝑖 + 1

𝑛𝑖
λ𝑖

𝑖!

1 −
λ
𝑛

𝑛

1 −
λ
𝑛

𝑖

→
𝑒−λλ𝑖

𝑖!

➢𝑛𝑝 = λ

➢ lim
𝑛→∞

1 −
λ

𝑛

𝑖
= 1

➢ lim
𝑛→∞

1 +
𝑥

𝑛

𝑛
= 𝑒𝑥

➢ lim
𝑛→∞

1 −
λ

𝑛

𝑛
= 𝑒−λ



Good

• 𝑝 < 0.1 𝑎𝑛𝑑 𝑛𝑝 < 10

• If 𝑛𝑝 > 10 => 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛



Example: the number of incoming calls 

4 calls per hour

What is the probability of receiving 2 calls in the next hour?

𝑃 𝑋 = 𝑖 =
𝑒−λλ𝑖

𝑖!

𝑃 𝑋 = 2 =
𝑒−442

2!
≈ 0.1465

Ans: 14.65%

λ = 4





Example: the radioactive decay of elements

Every gram of this element, on average 
Emits 3.9 𝛼 particle per second 

What is the probability that during the next second the 
number of alpha particles emitted from 1 gram is

(a) At most 6;
(b) At least 2;
(c) At least 3 and at most 6?



Solution

Large n Emit an alpha particle during the next second(success)

X, the number of alpha particle emitted during the next second  

𝐸 𝑋 = 3.9, 𝑛𝑝 = 3.9, 𝑝 = Τ3.9 𝑛

λ = 3.9 => P X = n =
𝑒−3.9 3.9 𝑛

𝑛!



Solution

𝑎 𝑃 𝑋 ≤ 6 = ෍

𝑛=0

6
𝑒−3.9 3.9 𝑛

𝑛!
≈ 0.899

𝑏 𝑃 𝑋 ≥ 2 = 1 − 𝑃 𝑋 = 0 − 𝑃 𝑋 = 1 = 0.901

𝑐 𝑃 3 ≤ 𝑋 ≤ 6 = ෍

𝑛=3

6
𝑒−3.9 3.9 𝑛

𝑛!
≈ 0.646



Poisson process

1. Stationarity: The average rate of occurrence is constant over time.

2. Independent Increment: Each event occurs independently of the others.

3. Orderliness: Two events cannot occur at exactly the same instant.



Appendix

𝑬(𝑿) 𝑽𝒂𝒓(𝑿) 𝝈𝒙

Binomial 𝑛𝑝 𝑛𝑝(1 − 𝑝) 𝑛𝑝(1 − 𝑝) 

Poisson λ λ λ 



Thank you for listening
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