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Outline

• Fourier Series

• Fourier Transform(FT)

• Application in Physics

• Discrete Fourier Transform(DFT)



Fourier series

• Any periodic function can be expanded in terms of sine and cosine 
function:

• 𝑓 𝑡 =
𝑎0

2
+ σ𝑛=1

∞ 𝐴𝑛cos 𝑛𝜔𝑡 + 𝐵𝑛sin(𝑛𝜔𝑡) , for 𝑡0 < 𝑡 < 𝑡0 + 𝑇

• 𝜔 is fundamental angular frequency.
• The coefficient 𝑎0、𝐴𝑛、𝐵𝑛 can be calculated by the inner 

product , because the orthogonal property with each basis.
• 𝑡 ⇒ 𝑥,𝜔 ⇒ 𝑘



Fourier Transform

• For non-periodic function, how can we know the frequency 
information? we take the period to infinity!

𝐹 𝜔 = න
−∞

∞

𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

• Represents a function as a continuous spectrum of frequencies
• Applicable in signal analysis, physics, and engineering



Solving the Heat Equation Using FT

Heat Equation:
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
= 𝛼

𝜕2(𝑥,𝑡)

𝜕𝑥2

with initial Condition 𝑢 𝑥, 0 = 𝑓(𝑥)

Apply FT over 𝑥 :

ො𝑢 𝑘, 𝑡 = ℱ 𝑢 𝑥, 𝑡 ⇒
𝜕ො𝑢 𝑘, 𝑡

𝜕𝑡
= −𝛼𝑘2 ො𝑢(𝑘, 𝑡)

Solve for ODE: ො𝑢 𝑘, 𝑡 = መ𝑓(𝑘) ∙ 𝑒−𝛼𝑘
2𝑡 , which  መ𝑓 𝑘 = ℱ 𝑓(𝑥)

Inverse FT: 𝑢 𝑥, 𝑡 =
1

2𝜋
∞−׬
∞ መ𝑓(𝑘) ∙ 𝑒−𝛼𝑘

2𝑡𝑒𝑖𝑘𝑥𝑑𝑘

High frequency decay faster because to  𝑒−𝛼𝑘
2𝑡term



FT in Quantum Physics(1/2) 

• Position 𝜓(𝑥)and momentum𝜙(𝑝) wavefunctions are Fourier 
pairs

𝜙 𝑝 =
1

2𝜋ℏ
∞−׬
∞
𝜓 (𝑘) ∙ 𝑒−𝑖𝑝𝑥/ℏ𝑑𝑥

• Narrow in space(or t) ⇒wide in momentum(or f)

• Leads to uncertainty relation: ∆𝑥∆𝑝 ≥ ℏ

2



FT in Quantum Physics(2/2) 
Let the wavefunction be a normalized Gaussian:

𝜓 𝑥 =
1

4
2𝜋𝜎𝑥

2
𝑒−𝑥

2/(4𝜎𝑥
2)

Then its Fourier transform is:

𝜙 𝑝 =
1

4
2𝜋𝜎𝑝

2

𝑒−𝑝
2/(4𝜎𝑝

2)

Which  𝜎𝑝 =
ℏ

2𝜎𝑥



FT in FM and Sound Mixing 

• Sound signals can be decomposed into frequencies

• FT reveals the components of complex tones

• FM: Frequency Modulation spreads frequency spectrum

• Mixing: overlapping signals in time additive spectra in 
frequency



Limitation of FT 

• FT assumes linear time-invariant (LTI) systems

• Fails in nonlinear systems: new frequencies generated

• No simple "multiply in frequency domain" behavior

• Still useful in approximate/linearized analysis



Discrete Fourier Transform

• The Discrete Fourier Transform is used for signals represented as 
arrays of discrete data points (e.g., images).

• 2D DFT Equation:
• Forward Transform:

𝐹 𝑘𝑝, 𝑘𝑞 = ∆𝑥∆𝑦෍

𝑚,𝑛

𝑓(𝑥𝑚, 𝑦𝑛)𝑒
−𝑖(𝑘𝑝𝑥𝑚+𝑘𝑞𝑦𝑛)

• Inverse Transform:

𝐹 𝑥𝑚, 𝑦𝑛 =
∆𝑘𝑥∆𝑘𝑦

(2𝜋)2
෍

𝑝,𝑞

𝑓(𝑘𝑝, 𝑘𝑞)𝑒
𝑖(𝑘𝑝𝑥𝑚+𝑘𝑞𝑦𝑛)



Example



Thanks for listening
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