Laplace Transform



Fourier Transform

» Definition:  f(t) - F(w) =/ f(t)e it

* Examples:

f(t) = e**tcos(10t) — peak at w = 10

Time Domain Signal
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Angular Frequency (radys)

But what about the information of decay rate ?



Laplace Transform

* Definition:  f(¢t) - F(s) = fooof(t)e‘“dt, where s = o + iw
— fooof(t)e—(a+iw)tdt
— fooo[f(t)e“’t]e_i‘”tdt

e Laplace transform is the Fourier transform of [f(t)e "] Cfﬁ



Laplace Transform : Examples
s+ 0.5

f(t) = e®>tcos(10t) - F(s) = (5 +05)2 + 102
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Laplace Transform: Properties
* Linearity:
af (t) + Bg(t) - aF(s) + BG(s)
 Differentiation Property:

f) - F(s)
f'(t) = sF(s)+f(0)
') - s*F(s)+sf(0) + f'(0)

. ) . . s 0
v' These properties help us solve Differential Equation °



Application in Physics : Solve Differential Equation

Example: Damped Forced Oscillator

mX + yx + kx = F(t)
i+3x+2x=u(t—1) —u(t—2),x(0)=0,x(0)=0 where u(t) is a unit step function

Laplace transform both sides:
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Inverse Laplace transform: J I1 £ L —
x(t) = 1 et + le‘Zt

2 2 Square wave input and response



Advantages of the Laplace Transform Method

1. Simplify PDE -> ODE ; ODE -> Algebraic equation
2. Naturally incorporates initial and boundary conditions
3. Handles discontinuous inputs and impulsive inputs

4. Transforms time-domain problems into s-domain



Other Applications:

e Electrical Circuits:

~ simplify complicated circuits into algebraic equation
~ handles circuits with switch or time-varying sources

 Control Systems

~ compute transfer function to describe how systems respond to inputs
~ Analyze stability and design feedback loops in s-domain



