
Green’s Function
Solving differential equations



How to solve DEs with green’s function？

• መℒ 𝑦 𝑥 = 𝑓 𝑥

• መℒ 𝐺 𝑥, 𝑠 = 𝛿 𝑥 − 𝑠

•𝑦 𝑥 = ∞−
∞

𝑓 𝑠 𝐺 𝑥, 𝑠 𝑑𝑠



Why does    𝑦 𝑥 = ∞−
∞

𝑓 𝑠 𝐺 𝑥, 𝑠 𝑑𝑠 ？

• መℒ ∞−
∞

𝑓 𝑠 𝐺 𝑥, 𝑠 𝑑𝑠

= ∞−
∞ መℒ𝑓 𝑠 𝐺 𝑥, 𝑠 𝑑𝑠

= ∞−
∞

𝑓 𝑠 መℒ𝐺 𝑥, 𝑠 𝑑𝑠

= ∞−
∞

𝑓 𝑠 𝛿 𝑥 − 𝑠 𝑑𝑠 = 𝑓(𝑥)



Poisson Equition

• ∇2𝑉 റ𝑟 =
𝜌( റ𝑟)

𝜀0

• BC:  𝑉 റ𝑟 = ℎ റ𝑟 , 𝑜𝑛 𝑆

• ∇2𝐺 റ𝑟, റ𝑠 = 𝛿 റ𝑟 − റ𝑠

• 𝐺 റ𝑟, റ𝑠 =
1

4𝜋 ( റ𝑟− റ𝑠)
under homogeneous BC

• 𝑉 റ𝑟 = ∞−
∞ 𝜌( റ𝑠)

𝜀0
𝐺 റ𝑟, റ𝑠 𝑑𝑠



Boundary condition



Picture of green’s function in electrical potential



Green’s identities

• Divergence theorem：ׯ𝜕𝕌𝐹 ∙ 𝑛 𝑑𝐴 = 𝕌 ∇ ∙ 𝐹 𝑑𝑉

• Let 𝐹 = 𝑣∇𝑢

• 𝕌��ׯ 𝑣∇𝑢 ∙ 𝑛 𝑑𝐴 = 𝕌 ∇ ∙ (𝑣∇𝑢)𝑑𝑉

= 𝕌��ׯ 𝑣 ∙
𝜕𝑢

𝜕𝑛
𝑑𝐴 = 𝕌 ∇𝑣∇𝑢 + 𝑣∇2𝑢 𝑑𝑉 − (𝐺1)

• 𝕌��ׯ 𝑣 ∙
𝜕𝑢

𝜕𝑛
− 𝑢 ∙

𝜕𝑣

𝜕𝑛
𝑑𝐴 = 𝕌 𝑣∇2𝑢 − 𝑢∇2𝑣𝑑𝑉 − (𝐺2)



Green’s identities

• 𝕌��ׯ 𝑣 ∙
𝜕𝑢

𝜕𝑛
− 𝑢 ∙

𝜕𝑣

𝜕𝑛
𝑑𝐴 = 𝕌 𝑣∇2𝑢 − 𝑢∇2𝑣𝑑𝑉 − (𝐺2)

• 𝑣 = 𝐺 റ𝑟, റ𝑠 , u = 𝑉 റ𝑟

• 𝕌𝐺��ׯ
𝜕𝑉

𝜕𝑛
− ℎ

𝜕𝐺

𝜕𝑛
𝑑𝐴 = 𝕌 𝐺

𝜌

𝜀0
− 𝑉𝛿 റ𝑟 − റ𝑠 𝑑𝑉 = 𝕌 𝐺

𝜌

𝜀0
𝑑𝑉 − 𝑉 റ𝑟

→ 𝑉 റ𝑟 = 𝕌 𝐺
𝜌

𝜀0
𝑑𝑉 + 𝕌��ׯ ℎ

𝜕𝐺

𝜕𝑛
− 𝐺

𝜕𝑉

𝜕𝑛
𝑑𝐴



Underdamped harmonic oscillator

• 𝜕𝑡
2 + 2𝛾 + 𝜕𝑡𝜔0

2 𝑥 𝑡 = 𝐹(𝑡)

• 𝐺 𝑡, 𝑠 = Θ 𝑡 − 𝑠 𝑒−𝛾 𝑡−𝑠 sin[𝜔 𝑡−𝑠 ]

𝜔
, 𝜔 = 𝜔0

2 − 𝛾2



One dimensional wave equation

• (𝜕𝑡
2−𝑣2𝜕𝑥

2)y(x, t) = 0

•𝐺 റ𝑟, റ𝑟′, 𝑡, 𝑡′ =
1

2𝑐
𝛿[ 𝑡 − 𝑡′ −

റ𝑟− റ𝑟′

𝑣
]
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