Computational Symmetry: Accelerating Physical Systems through Fast Fourier Transform

Leveraging Fast Fourier Transform (FFT) sparse matrix factorization to achieve exponential

speeds up in quantum phase estimation (QPE) and phonon dispersion analysis.

@egref entalion o 7£ P o él}{n omtia | M. ul Zf/"p lication

) Coe?l'ﬁcimt Ezlo/e,(en Gation
~or multiplying two polynomial of dogree n
un-lpaai /’é :/ 3 : J
At)=2d:%? , Blx)=2 bix?
‘1-—0 ‘750
2 d-= [ﬁoj dlj °~°/ﬁn—l) )’ b= (b”, 5// o blt-—l)

7/

and A% « Bex) =J_Z EHII e lerr - Eons)
> C=A® b Time Complons
Qo] (bo] » O( )::6 %f
7 bi S Bi¢ O notatlion
' '( . > Qualitative c/escriftivn ojp £he
‘ trem( o][' a/ o) MM. execution Eime
\d T \b"'i As the Amount a7p /'nfu?f Aatla

(M) increases

7%}’ da/a//nj Two fpéwpmia /s 2 Time ('a»zf/a /%f O 01)

?> Foint Value /?effesmfa Cion
We chwse N three different , %o, %, ..., %n-1, and
ca,/za/az‘e z‘ﬁe Va /aex af these Nn Pw‘nz‘;

64 AM(>= {(%o,go),[%/gl), "',(%H-I,gﬂ-l)j
B(’)(>= {(%o,g;),[%ugl/), '"/(%”ﬂ,g);'l))



> (lx) = Alx) xB(x) = { (%o oo ) (Y, 47) . ( “n-u}{nﬁn:’)}
> Time amf/exi%( O(n >

Fast fourier Dranstorm (FFT)

! CMI‘/‘eeriﬂg Lwy po/gﬂomfd/s ﬁWV( Zae?’lﬁél'%t E@Pﬂf@”&’t"a”‘-”
To Point Value Eef/eswzl‘a tfm".
Time @»zf/exi On>) — 0(11/04’1) E

! Dor‘n Ipag/'mm//'a/ Mu/f/'f//mffan %{ MS/'Iq? FPoint Value
Ke f}i&ﬂl‘a Cion. /

Time &Mf/exi O(n ) ;
- The result s converted back To Coetficiont &P/’e;&n& tion”

USing inverse 7&8“6 ﬁur/er fl’d’lfﬁ/’”{
Time (,o)»tf/ex/% 0(}1/04’1)
1D Discrete Faur/'&r ﬁwzsfo/m (DFT)
For a discrele sgm/ simal %0 with /periaﬂ( N
N-( -
Z%In]g_“f" ~#elawr] =21

N=0 "\~
%

Yer
L// A
An Wfﬁe

2 Fast Fourior Z;ans]['o(»;lcﬁ(PF T)
set XprWiae4wT > for Coefficiont Ee,o/e!en&t"m”

5 gk=A{%&)=A(W§)=§ a; ¥y
> AlwE)= AT (w1 w kA" (Wh))

where



N-2

AIO]((W,(,()Z) =do +dz(W,5)z+ d,(wg)ﬁ *@v—z(w,%)
AU (W) )= Qo+ as(WEY Al W)+ - + iy (WS

1><7 lemma ! . (WE) Vl/j_n? ( The procf is in the appendix)
>Alnk)= AT (ws) + WEA™ (W)

3) Butterf: /# 0/7em Cion
By symmet. , e don*t 1o ca,/m/dl‘e éélﬂ,’\/"], we onl
need ™ Ca/gzt/afe the ﬁrsz‘éa/f telo 4 "J ,and the result
of the second hal¥ aan be derived from the First hal¥

hr the second half, br+-2

bet |2K(ke) | | 2ER | 2
W/u e W Ter e = Wi

+¥  on(ktd) 4wkt 2mk £
FY 2

REZRS ARLUF R E a2 (10
7 L) l where U] e )
Son=Ye -whye |42 = AU wE)
g’i’] N + S:J_fwﬁg;"]

w,{‘j
[1] R

< 2 [] k 4,01
k ' . k "Wn.gk




>

4) Bit - Reversa| Permutation (1 %k %23‘;&1{)

B}t" KEI{@VS&/ Perm(l‘atian a/re;!es ?f/le /SSULS 070
space (FEY) and access (15 §<).

During recarsive calls, in order to protect each layer of
dalad, the oo»?uz‘er will constantly ppen 4p Nnew space in
féé memory S fd&é 'Zf'o store t cge:/’//a/'enfs of
5u£—/0rol> ems. This will lead €o additional space,
over Nead J and ﬁfegz{enf Memardc( com/éfamf/pn il

cause delays

take N=4 as example, we it vbserve the call

structure (v o Y$ERE ) o f the original recarsive form, we can.

0//’441/ the 7@//011//%? Tree ﬂ/r%fdm_:

0/’/',4//14/ imdex(z)| O f 2 3

vy (34 |000] [oof| [olo| [ ol

Yeversed binary 000 0lo 0o| oL/

z‘arjaz’: index LVJ e 2 / >



if we reorder the /'nlpu,‘é to the order after bit
reversion ( {a" @ ,4: Qaj 5 {d"/ 2, &, ds ]) ,we Can /’er7§m
“in- f/aze “ operations. The result oF /uz‘z‘erf{% operalions
in each 5z‘age can pe d/rezt? covered back to the
0/'30/”4/ /)asiz‘/on of the same drm(7.

*"in- F/aze ”afem ion : With bit—reversa( /;er/ﬂuz‘ation/
the data will be resputfled into a '};erﬁ&t “
operation segxue/ue”, In the buttorfl afera'l"ib}’( o

éd&é /ﬂjél’/gﬁ&( Z‘a,ée out tée a/dfﬂ 0. ‘fwalpﬂS/'Z‘/b}‘Ls

for addition, substraction and /m/z‘/'P/fmtfa)z L and
the hew results calculated a’irectéq Cover these Two

Paﬂ"f:blz:,

> The old data a(/‘mf/eﬂrs/ and the new datz

/S ref/elzisﬁea/.

(ime Cmf/exi? :0[/1//(2?/1/)
Space &MP/“;?(: 0(4)/?/0) — (1))

Sparse Matrix factorization Methd of FF]
MA@ L LB IR 5 LKL 8 9 A5 404

. / :
‘5par5e ‘Means that most elements in a matrix are O > ong a
ew Posiz‘ions /tawhj values,

N -t < = :
Ko = 2 eI S IIAY, Wi i w2



'_7X=FN—%

3 Coa[e&/ Eéeg EEE
Se/wmti)g odd - ordey terms ard even order terms ég aiEl
m

ZLa/(e A =2
£-

4s examp le,

Xa = 2 (/) + S La(Wr)™

4

>

&

>

eq. N=2°:8 X=F %

lemma. |, (Wﬁ)z’ Wi"?

X = Er+WE Ot
X+ =Ly -WE Oa

Sonmeé matéematica/ Ca/ou/ation

Fv 0
Fu{_% Z:H 0’;’ FA’}PA] : where Dy =

Yol [/ |14 T Bt e R T1%0
Xi I Wy Wy --- Wy X

L Wy WN - W

7o ’x = 47
~X7‘ L/ WI,\;I Wz/v7 Aefrie. WI: / ~%7‘

BG3] O N e e et e R
X I Wy Wa --- Wy
., B / W::: W:’;f S| W:';f %., X —Z'lm e &)’?[“ /
EEE e 9N)
Kead L1 W™ - w9 ) oy
—— _
Fu

 En- 2ot
0‘@ '—'é:'zzml(w/é)m

o Wy ©
o 0o Wn
Lo o

(4




"7'71[: =[ng“F4 U}Pe
£ 1 pg o /C4‘
T/tooo Lo oo [ e
o (00| [oWgo O ok We W
DO O 0 o we 0, I Wg Wg Wy
e 000[ 000W8 ’W:wab 87
-l Ooo [ 00 0O 00 DD
o-{ OO OW}D}D oooOOD
00 04 000W8 JL 00O0©0
X s
Y i
3 [
Wl’lere Pe Ce |~ | %
s ‘s
an XUs
\%74 \x74
—:7)<=F;’% B A T A
‘vol [/1 000\/1 0 0 01T 5
Xo oloolfowgo O ’Wﬂwz Wi
X o0l 0owWweoO, I Wg Wg W,
i‘(;: ooo(/\oo oW W we w,!
X -l Ooo [ 0 o O
xs| [(o100)(emo o )|l (000
X 6 0-0-[ 0 f} 0.0 We O 00O
\X?/ ~ 000.’ 00 0W8 A OOOD
[I Dg
I Dg
?&mb/’)zeo(into A
conflete PET
(Eot We D, ]
E+WwsgD, |
E.+WeO. Ccrre!/;om(rrg tv
_ | & +wi0s 2
= | e, -wéo, Xg = Ex+ Wy Ot
E'-WéDI £
Ex - i 0, Xt+& =Lg -5 Oe
N THY




Time comF/em% o(n?) ’0(4/1%7/‘/)

"
//2 A,/

> () <2F (1) + 4
)\/unjtb;r. af =2[2F[2m—2)+ 2_/]+ /2\/
operations - 4F(2m-z) T /;/_’_ ;\/

>0( N+ %’zg/v) - o(/wpg/v)

ﬁ'%p/fcatim | - Quantum Phase Estimation (QPE)

Now we have wziz‘arj operator U and its egen.sz‘afe 2
7 U [uy = % |u) , ¢ [umé)mm)
L{s‘inoq >, guéfts as péase rjg/‘sz‘e//’s (000>
-prdS'e I’QJ/SZ‘CP (/:ﬁg{i: ﬁgﬁlﬁ ”‘) : q set ojpg,“é,’f_( ?ec,ﬁm/é
designed Lo “store” and "a’isf/qé{ " the pédse valee we want

tO Meqsuré.
D (nitial state |vooS]u>

Doindq Hadamard fm/tﬁrm : Convert the Coh?u?‘ationa/ basis ints
an "egm/ ~we ghted superposition basis”
® 3 _[lo>+ 1D (oy>+ (1> o>+ (1>
HO?loosy = (12212 )@ (12412 )@ (122212

/
= Tz (105 +15)® (105 +115) @ (lo>+(1)



9H®?[000)= raZIg% (10> 1151254 13> 41>+ 1> 416> 17>)

/
= —(|000>+|00I>1'|0/0>1‘|01/>1‘ |/oo>+|/ol>+|ua>+|u/>)

A
> [000)[,4) R (H‘” l000>)1u>

&m'l‘m//ea/ ¢ =» C(U) lg>lu> = [y> (9w

|y>) > = (7 |y>) U | = —Z >
( p/mfe faz‘z‘ern)

Inverse QE T - Decode the Ma:e atlern inty a bit Stﬁnj
(484% 4% ) (1t &)

*QFT, 75 2, ™  p
N ___/ A2TCkY /)
QF'[NIy%W%e A

v B :
g’&FT (razv é«,zn’py ‘g>) |u> 4 ?//;g%ézrcﬁyewmkg/qk) |u>

i, z( > m(¢--—>y);k>/u>

8/<0
)4

> [t an/g exhibits “constructive intorforence”’ when ;5 =
Otherwise, the contributions cancel owt Hhrmig JA /aﬁwctme

/ ILZLer /érence

set By =2x(p-£)y | s0=21(p-%

W@ Can see ’]['¢ %



K ¢""§' 93:27[(?5'%)@ (%4=0,-,7) total
0 |£ > K4 e« T« 0
[ & > Tel T el 0
2 7| [ 22T R « vy 0
> o0 e A R B AR —
¢ F SNV e T A D
5 7 S il pl 1 Y
6 ? > ¢t N € 2 K 0
g 'gfq S e € > e e W
Y 5 ag
? =_/ 42 ¢
QFT315> ﬁ%e 6’|g>
[/ & iemdd ey
QFTg(ﬁ%e &|g>)—13>—lall>
SHICC»
[0 § B N B A sy el
] w w‘wéw‘l'wfwbwq S
QFTp = |! Wt W] ¥
rwl | L W)
Q'ET can 6{&0 05@4/112va Sfa/fe .S‘)r/a// matrices

QRET=S WA/’ s - contrlled éqfej Hadoamarde
>QF Tg =SWAP,: [Hs €k - C> - Hz ae. 1]

D 5o M p Jsr o P ([ O ©
o !l OO0
nekl 1] ces|g o 7 g | SWAP=| 0 7 g
,‘[3 /_I ’ 2y
~0009_2"‘, v 0 0




Classical FFT Quantum QFT

permutation matrix SWAP gates

twiddle factor Wy controlled phase £

butterfly matrix Hadamard gate

sparse matrix product sparse quantum gate product
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