GENERALIZED
HOOKE’S LAW




1D Hooke’s Law

In Mechanics
F = —kx
5 In Materials
o = Fe 0= % € = %
stress = stiffness x strain E is Young’s modulus
~
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S Stress and Strain in 3D
° Oxx Ozy Ogxz €Cxz €Cxy €xz
0= 1% Oy Oy €= | € €y €y
Oz Ozy Oz €Czr €zy €2z
® 0;; : force in the i-direction on the surface normal to the j-direction.
€ij = o )
d.o.f. from 9 to 6 2" Ox; ox;
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;0 @Generalized Hooke’s Law

- 0ii = Cljki€ri

stress component ij depends on strain component Kl

Oij = Oj Cijri = Clik

® €Ll = €]k Ciiti = Chiik
0°W

Cii — Cor — Cur

7kl afij e, 17kl klzj

d.o.f. from 81 to 21




""" Voigt notation
O 2z Ciu Cip Ci3 Cuy Ci5 Cis € rx
T yy Ci2 Cop Co3 Uy Cas Cog Eyy
0o | _ Ciz3 Co3 Cs33 Cs3q4 Cs35 Csg S
Ty Cigy Co4 Cs3q4 Cya Cys Clyg Vyz
O 12 Cis Cos Cs35 Cy5 Cs5 Chsg Ve
O 1y Cie6 Ca2 C36 Cus Css Cé6/ \Vay
Yij = 2€i;
7 )




Cubic Symmetry

Cz'jkl — Rim Rjn Rkpqu Cmnpq

90° rotations about the x, y, and z axes leave the crystal unchanged
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Cll C12 Clz 0 0

Cio Cuu Ci2 O 0

Ci2 Ci2 Ciz O 0
0 0 0 Cuy O
0 0 0 0 Cy O
0 0 0 0 0 Cu

Ccubic —

oo O O

3 independent constants: C11, C19, Cus

normal stiffness+normal coupling+shear stiffness
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[sotropic Material

Cijl = A0k + B0 51 + D010 ik
Cijtt = Cijik = B=D

Clijil = A0ij0r + (03051 + 0:10 jx)

A2 A A0 0 0
® A A+2 A 0 0 0
A A A+2u 0 0 O
Uij:Aekk5ij+2,U€ij Ciso = 0 0 0 L0 0
0 0 0 0 u O
0 0 0 0 0 u

2 independent constants: A, i 7
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Example: Elastic Wave

For a continuous medium, Newton’s second law can be written as:

82ui 80'2']'

P o2 T oz,
For isotropic material
0*u 5

This is the elastic wave equation in solids.
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Longitudinal wave / P-wave

Assume a plane-wave solution

U = Uge€

i(k-x—wt)

The displacement direction is parallel to the propagation direction

After substituting into the wave equation

2:A

+ 2u

W

kZ
P

©

A+ 2u
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Transverse wave / S-wave

e The displacement direction is parallel to the propagation direction
After substituting into the wave equation
g2 = Hp2
P
_ M
Vs = 4| —
P
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Transverse wave / S-wave

e The displacement direction is parallel to the propagation direction
After substituting into the wave equation
g2 = Hp2
P
_ M
Vs = 4| —
P
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Example: Finite Element Method
Displacement->Strain->Stress->Force balance
o = De
Ku=1{




O




	GENERALIZED HOOKE’S LAW
	1D Hooke’s Law
	In Mechanics
	In Materials
	stress = stiffness × strain


	Stress and Strain in 3D
	Generalized Hooke’s Law
	d.o.f.  from 81 to 21

	Voigt notation
	Cubic Symmetry
	Isotropic Material
	Example: Elastic Wave
	Longitudinal wave / P-wave
	Transverse wave / S-wave
	Transverse wave / S-wave
	Example: Finite Element Method
	THANK YOU

