
Irreducible Representations of S013)

EX : H20 molecule with configuration list of

C = <Xo .
XH1

, XHz] el
atomic positions

↓ apply rotation RE 5013)

R. C = [RXo , RXH 1. R XH 23

- [Energy
E (scalar) : doesn't change

Force Fi (vector , per atom) : rotated by R

Isthereasystematic way
to labe te a

Math Recap

repve m =- l , -S+ / ...., +h

vs9) = abstract vector space of dimension 28+1

on which 5013) acts irreducibly
For a represention D : G + GL(V),
V has no proper subspace invariant under all Dig)

(a) Label & : which irrep ? how many components
?

l = 0 ->/ component - scalar (e .g . energy

l = 1 + 3 components - Vector (e .g . Vector)

l = 2 + 5 components- traceless symm .
tensor

https://princesswinnie1122.github.io/irreps_so3/



(b) Spherical harmonics Yme
& 3013) acts on S2 & on functions on S2

& space (215) = DeVe decomposes irreducibly
=> Y

,
m = -l...t is the natural base

used to write irreps down concretely as

functions on the sphere

() Wigner D-matrix

A rotation R becomes a matrix on VO :

YP(RX) = DP(r)YP( I) ,
smatrixofeapDO (R) E R(22+ 1) x (2

+ 1)

DO (r) = 1 = scalar unchanged
=> [ D'(R) = R = Vector rotated

Application1 Classify Physical Observables

1. Energy is 1
= 0 irrep

E(R . C) = E() <

2
. Energy is D=1 irrep

Fi(R - C) = R · Fi(l) <

=> some physical configuration carries

observables of different irrep types



What about 1 =2
Many tensorial observables in physics are

tensors (9 components),rank-2 Cartesian

and they're reducible under sols :

2 = 2

&= 0 l= 1(traceless
(scalary sym) (anti-sym)

3
S

9Tij = TT) + jij + Ais irreducible

199 reducible
, /Glass

i

S
Coupling Rule &, Da

&, l = 10, - l - 10/0 - 2) + 10 ... (b ,
+S)

↑ (l , - (2) = ly[b + 12 &m ,
+mz =Ms

(uvllmmmU
Clebsh-Gordan weff.

Isame numerical values as QM]



Application 2 Equivariant Graph Neural Networks

1. Features

o
Node (atom-type embedding

Hi=H ,
dimHe

H8 = Ez = 8 .
Hil = Hitc = Ez=

embedding table EEMK
*do) He = Ezi)

· Edge (encode geometry
↳ relative vestor Vij = X; - Xi

distanc Vij = Iij) -radial basis expansion
RBF (Urj) EIR"Sinvariant scalars)! direction C= - spherical harmonic

Y(equivariant as thee-irrep

2. CouplingJ1er)Combineeachneighbor's
featea

H; B , ms
= [[We

,Bals(ij) -> MLP (RBF(Wij)
(a distance - dep . learnable scalar)= jvil,l

i'satom

updated & lim . jBz , mc/l3Mg) Hjm . Pj)feature
M ., Mclayer)Lafter this

* l , /(c/lz = input/edge/output irrep labels



EX : Simplest non-trivial path is

li = 0.c = 1 + 1s = 1 at atom O (for H20)

Ho"=Wscalars
: Ho'- RHo' is equivariant on an odge

3. Read-out (decode + pool

Total energy E = [MLP(H :*&

sum of final scalar channels↓
· Force on atom : : Fi = H :

"

final rector channel


