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Wigner-Eckart Theorem (Statement)

Consider an irreducible tensor operator T, the matrix element
(v'j'm' [T [yim) = (v'j' [ T*|[yi)G'm’ ljkmaq)

Where(y’j’”Tk”yj)is the reduced matrix element, (j'm'|jkmq) is the Clebsch-
Gordan coefficients .

Main focus

1. How do we define irreducible tensor operator?
2. Proof of Wigner-Eckart theorem

3. Applications of Wigner-Eckart theorem



Spherical Basis

Consider a rotation about z-axis

In Cartesian coordinate: In spherical basis:
X — X Ccos ¢ + ysin ¢ x iy
_ — (x cos ¢ + y sin ¢) |
y = —xsing +ycosd +i(—xsin @ + ycos ¢) = e ¥ (x + iy)
zZ—Z zZ—Z
- Defin

Mixing up x and y | © e' .
. XxXx+1y 5 =2 —~ X —1y
e = = -1 =
1 \/E 0 1 \/7



Spherical basis as j = 1 representation

Using spherical basis to expand a vector x, = X - é;

The wave function : Y,,p,,, (1,0, ®) = R, (1) Y, ()

To find the matrix element of electric dipole moment operator between
two states, we must evaluate (nfm|X|n'£'m’)

,
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Spherical basis as j = 1 representation

Using spherical basis to expand a vector x, = X - é;

The wave function : Y,,p,,, (1,0, ®) = R, (1) Y, ()

To find the matrix element of electric dipole moment operator between
two states, we must evaluate (nfm|X|n'£'m’)

,
/3 . : ,3 x + iy
rY11(0,¢) = —r gsmee“pz E<_ NG ),
3 3 3
\ rY0(0,9) =1 /;c039= /A:z, = Y14(6,¢) = /;xq

The spherical components of position operator are naturally connected to Y;

LTY1,—1(9, P) = r\/%sin@ e P = \]4577 (x Jily)



Spherical basis as j = 1 representation

The generators of rotation operators are angular momentum operator (A = 1)

0 0 O 0 0 i 0 —i O
]1=<0 0 —i) ]2=<0 0 o) ]3=<i 0 0)
0 i O —i 0 0 0 0 O
0 0 -1 0 0 1
]+:]1+i]2=<0 0 —i> ]—:]1_i]2:<0 0 —i>
1 i 0 -1 i 0

Spherical basis satisfies
J38q =qegand 18, = (A F @)1+ q+ Degzr,q9=-10,1
Completely analogous to

J,ljm) = km|jm) and J.|jm) = A/GFm)G+tm+ 1) |j,m+ 1).




Irreducible tensor operator

i
A rotation operator: U(R) = e 7o,

Rotation in ket space:

Ulyjm) = ) Iyjm')D),.,
ml

In previous page, | have showed that the position operator transform like a j = 1 object

Can we find a set of “operators” that transform like |yjm)?



Irreducible tensor operator

i
A rotation operator: U(R) = e 91

Rotation in ket space:

Ulyjm) = ) Iyjm')D),.,
ml

Rotation in operator space:

Rotation of operator A is defined as A = UAUT

Irreducible tensor operator of rank-k T,¢ :
Operators that transform like |kq) under rotations, whereq = -k, -k + 1, ...,k — 1,k

And T satisfies

UR)T¥UT(R) = z T"‘,D"‘, (R

Vector operators can be written as rank-l irreducible tensor



Wigner-Eckart Theorem (Statement)

Consider an irreducible tensor operator T, the matrix element
(v'j'm! [T lyim) = (v'j" [ T*|[yi)G'm' ljkmaq)

Where (y’j’”Tk”yj) is the reduced matrix element, (j'm'|jkmq) is the Clebsch-
Gordan Coefficients



Proof of Wigner-Eckart Theorem

First, we need to evaluate [], ch]

Let’s start from -
URTFUT(R) = Z T iDgr, (R)
ql

Consider an infinitesimal rotation

Left-hand side ‘

UR)TFUT(R) = (1 — %Hﬁ : ]) TS (1 + %Hﬁ : ])

To the first order 6

URTEUT(R) ~ T — %9 [(ﬁ N, Tq(k)]



Proof of Wigner-Eckart Theorem

First, we need to evaluate [], ch]

Let’s start from -
URTFUT(R) = Z T iDgr, (R)

Consider an infinitesimal rotation q

Right-hand side ‘

Because T transform like |kq)

(k) _ ’
Dq/q (R) = <kq

i i
(1 ~ 0 ])‘ kq> = 8,1 — 7 0(ka'7 - JIkq)

() _ L ptka' A _ ) _ L z ) (1 145 .
ZT‘I' ldqrq h@(kq |7l ]|kq)] =T, h@ Tq, (kq'|n - J|kq)
q’ q’



Proof of Wigner-Eckart Theorem
Equating LHS and RHS

[ R [ A
T =20 [-DTF) =T - 20> TP (ka' 1A - Jlka)
q’
= [170] = ) T8 ka'Dlka).
q’
Now, we will calculate |/, T&|, /.. Tk|, [J-, TX]

U T = ) Thka'Volka) = ) Thhq 8, = haTs
q’ q’

[/, TE] = Z T AR F Ok g+ D 8g g0 = WEF QU £q+ DTE,
q/



Proof of Wigner-Eckart Theorem

We obtain the selection rule by

Y i'm'\|] Tq |lvim) = (v m' |, T [yjm) — {y'j'm | T4 |[yim
(v'j'm!|[Jo T [yim) = VLT |vim) — T T|yim)
= hm’(y’j’m’|TC§‘|yjm) — hm(y’j’m’|TC§‘|yjm)
= hq(y'j'm'|T¥|yjm)

I 7 !

The matrix element (y'j'm/|T¥|yjm) = 0 unlessm’ —m = q
We obtain the recursion relation by
(v'i'm' | T llvim) = (v'j'm' [ Tg [yim) = (v'j'm'[Tg 1 [yim)
= h\/(j’ +m")G'+m’' +1) (y’j’,m' + 1|Té‘|yjm)
—hJ(GFmM)G Em+ 1) (yj'm!|T¢|yj,m + 1)
= h/(k T @)k £ q + D (v m' [T |yvim)




Proof of Wigner-Eckart Theorem

‘ Recursion relation ‘

Since Ty transform like |[kq)  |jm) ® |kq) = |jkmq)
JG E2m) G Fm + Dy, m' F 1T yjm)
—JGFmG Em+ D {y'j'm'[T¥|yj,m + 1)
=JkF k£ q+ D {y'j'm|Tk,|yjm)

Can be written as

JG £m)G Fm' + 1) (G',m' F 1ljkmg) — /G Fm)G £ m+ 1) ('m'|jk,m £ 1,q)
=JkF @k +q+1)('m|jkm,q+1)

Same recursion relation as the CG coefficient (j'm'|jkmq)




Proof of Wigner-Eckart Theorem

The recursion relation are the same between the matrix elements and CG
coefficients, so

(y'j'm'|TE|yjm) = c(j'm'|jkmq).

And ¢ cannot depend on m, m’, g, since they are already determined by the
recursion relation, so ¢ = (y'j'||T*||v/)

= (y'j'm’[T¥|lyjm) = (y'j'||T*||vj)(j'm'|jkmq)
Q.E.D.



Application 1 — Selection Rule

Since (y'j'm'|T¥|yjm) = (y'j’||T*||vj)(j'm’|jkmq), the selection rule is given by
(j'm'|jkmq) (CG coefficient).

| have showed that the matrix element (y’j’m’|TC§‘|yjm) = O unlessm' —m = q.
Since T transform like |kq)  |jm) ® |kq) = |jkmq)

J®k=0(+k)D(G+k-1D)D - DI|j — ki
=j =j+k j+k—-1,j+k—-2, .., |j — k|
=|j—kl<j <j+k.

Selection rule for Ty :m’' —m =g and |[j — k| <j' <j+k.




Application 1 — Selection Rule

‘Electron dipole transition ‘

Interaction Hamiltonian H;,, = —d - E, d = —er
d is a vector operator = Té‘ with k = 1, so we consider (n’l’m’|Tc}|nlm)
Applying Wigner-Eckart theorem, we have

(n’l’m’|qu|nlm) = (n'l'||TY||nt){U'm’ |1, 1, mq)
Selection rule is given by (j'm'|j, 1, mq)

(I'm'|lkmq) =0 unless m'=m+q and |I-k|<l <l+k.

Pluggingin k = 1, we have
Al=1'"-1=0,+1, [ =0«+1l'=0, and Am=m'"—-m=0,+1



Application 2 — Simplification of Calculation

‘Electron dipole transition ‘

The goal is to calculate (n’l’m’|rq |nlm> , using Wigner-Eckart theorem and

replacing T with 7,
(n’l’m’|rq|nlm) = (n'l'||r|Inl){I'm'|l, 1, mq)
We can simply choose g = 0 to calculate (n'l’||r||nl), since ry = z = rcos 6

After calculation, divide the integral by the CG coefficient (but we have to
make sure that the CG coefficient is not 0)



Application 2 — Simplification of Calculation

‘Electron dipole transition ‘

For example, we want to calculate (32m’|rq|21m) (2p to 3d transition)

We can start from (320|z|210) :

(320]z|210) = JI/J320(1') 1 cos 6 P10(r) d°r

21233\/§
= JR;Z(r) rRy (r) r? erYZO(H, $)*cosB YL(6,9)d0 = o7 @
2

= (32[|r[[21)€20]1,1,00) = 5(32||7”||21)

\




[ k I 2
X1 iy 2 1
+T}1 t}l 1 +1 +1
+1 0| 12 1/2
0O +1| 12 -1/2 0
+1 1| 1/6 1/2 1/3
0O O 273 0 -1/3 2 1
-1 +1| 1/6 -1/2 /3] -1 ~1
0 —-1| 1/2 1/2
-1 0| 1/2 —1/2




Application 2 — Simplification of Calculation

Therefore 1244
32||V]|21) =
(32| =7

Now, we can obtain other matrix elements easily.

a

For example,

(321]z]|211) = (21|1110)(32]||r||21) = %(32”7‘”21)

(322|r1]1211) = (22]1111)(32]|r||21) = (32]|r||21)
Note that
X+ iy _X—y

Y_ 4 =
2




Application 3 — Zeeman Effect

‘Weak-FieId Zeeman Effect ‘

The first order energy correction: E; = (nfjijHélnfjmj) = %BethA - (L + 28)

By Wigner-Eckart theorem, since L + 28 is a vector operator, we have
(nfjijLZ + ZSZInfjmj) = a(nﬁjmj |]Z|n£jmj).

a is actually the Lande g-factor g; (can be proved), thus
(nfjijLZ + ZSZInfjmj) = g;mjh

1 __ . eh
= E7 = upBextg;m;, where up = o
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Thank you!
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