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® Motivation/Background/Overview

® Deriving the two-particle quantization condition (QC2)

] Lecture 2
® Applying the QC2,in brief
® Deriving the three-particle quantization condition (QC3)

® Status of three-particle formalism & applications

[J Research Talk

® Recent applications of the QC3

® Qutlook
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Main references for this lecture

Bricefio, Dudek & Young, “Scattering processes & resonances from LQCD," 1706.06223, RMP 18
Hansen & SS, "LQCD & three-particle decays of resonances,” 1901.00483, ARNPS 20

Lectures by Dudek, Hansen & Meyer at HMI Institute on “Scattering from the lattice: applications to
phenomenology and beyond,” May 2018, https://indico.cern.ch/event/690702/

Llscher, Commun.Math.Phys. 105 (1986) 153-188; Nucl.Phys. B354 (1991) 531-578 & B364 (1991) 237-251
(foundational papers)

Kim, Sachrajda & SS, hep-lat/o507006, NPB 2015 (direct derivation in QFT of QQ2)
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https://indico.cern.ch/event/690702/
http://arxiv.org/abs/hep-lat/0507006

Outline for Lecture 1

Background: hadronic resonances
Further motivation for studying multiparticle states
Some scattering basics

Derivation of QC2 =“Luscher quantization condition”
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Background:
hadronic resonances




Stable hadrons in isosymmetric QCD

® QCD with my=mg, and no EM (or weak) interactions
® Theory studied in majority of LQCD simulations

® Differs from real world at ~1% level
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Stable hadrons in isosymmetric QCD

® QCD with my=mg, and no EM (or weak) interactions

® Theory studied in majority of LQCD simulations

® Differs from real world at ~1% level
meson

q

anti-
red

® Mesons

® Mesons composed of light quarks: 7(qq), K(g5),n(qq)

® Including heavy quarks: D(cg),DS(CS*),B(qB),B*(qB),BS(SB),B;k(SE),BC(cB)

baryon

blue

e Baryons

green

® Baryons composed of light quarks:  N(qqq), A(qqs), 2(qqs), Z(gss), C2(sss)

® Including heavy quarks: A_(gqc), ..., = (gcc), ..., Ay(qqb), ...
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Stable hadrons in isosymmetric QCD

® Relatively short list has been the focus of most LQCD calculations to date
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Stable hadrons in isosymmetric QCD

® Relatively short list has been the focus of most LQCD calculations to date
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Stable hadrons in isosymmetric QCD

® Relatively short list has been the focus of most LQCD calculations to date
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Stable hadrons in isosymmetric QCD

® Relatively short list has been the focus of most LQCD calculations to date
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Plethora of resonances

® Most hadrons are resonances!
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Mass [MeV/c?]

Cornucopia of exotics
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Examples of resonances

® Most hadrons are resonances!

® Very short lived, with decays into 2, 3, ... stable hadrons
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Examples of resonances

® Most hadrons are resonances!
® Very short lived, with decays into 2, 3, ... stable hadrons

® Example I:single-channel decay of s-wave spin-triplet gg state:

I°J°C =117 p - zm, M, = T75MeV, T, ~ 150MeV (t = 4 X 107>%)

® Many production mechanisms,e.g. 7 — )
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Examples of resonances

® Example 2: multi-channel decay of p-wave gg state:

pdg summary entry

[ 22(1320) (6UPC) =12 ++)

Mass m = 1318.31‘8:2 MeV
Full width ' = 107 &= 5 MeV

a9(1320) DECAY MODES Fraction (I';/T)
3r 70.1 £2.7 )%
(g (145 +12)% |

WTT (10.6 +3.2 )%
KK (49 +£08)%
n'(958) 7 (5.5 +0.9 )x 103
nty ( 2.9140.27) x 10~3
vy (9.4 +£0.7 )x 1076

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 1 /54



Examples of resonances

® Example 2: multi-channel decay of p-wave gg state: e 920
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[Figures from HMI slides of Jo Dudek]
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. essons

Extracting resonance parameters from experiment is indirect & challenging
® Resonance is defined as a pole in a scattering amplitude—not directly accessible

Typical resonances have multiple decay channels, each involving 2 or 3 (or more)
particles

Quark model (or other models) fails to explain presence or properties of an
increasing number of resonances

® XY, Z resonances, glueballs, hybrids, tetraquarks, pentaquark, ...

Resonances are a largely unexplored frontier in our attempts to understand hadronic
physics (i.e. the properties of a strongly-coupled QFT) from first principles
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How can LQCD help?

® Extracting resonance parameters from experiment is indirect & challenging

® Resonance is defined as a pole in a scattering amplitude—not directly accessible
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How can LQCD help?

® Extracting resonance parameters from experiment is indirect & challenging
® Resonance is defined as a pole in a scattering amplitude—not directly accessible

® Methods for indirectly accessing scattering amplitudes must be developed
(the main topic of these lectures)

® LQCD has advantage of being able to turn off electroweak interactions
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How can LQCD help?

® Extracting resonance parameters from experiment is indirect & challenging

® Resonance is defined as a pole in a scattering amplitude—not directly accessible

® Methods for indirectly accessing scattering amplitudes must be developed

(the main topic of these lectures)

® LQCD has advantage of being able to turn off electroweak interactions

® Typical resonances have multiple decay channels, each involving 2 or 3 (or more)
particles

® | QCD calculations must deal with multiple channels of multiparticle states

® Quark model fails to explain presence or properties of an increasing number of
resonances

® XY, Z resonances, glueballs, hybrids, tetraquarks, pentaquark, ...

LQCD calculations must use large bases of operators to allow
understanding of structure of hadrons—any input is useful!

Varying the quark masses can provide additional useful information
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Personal note

® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”
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® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”

HYBRIDS: MIXED STATES OF QUARKS AND GLUONS*

Nuclear Physics B222 (1983) 211-244
© North-Holland Publishing C
orfHotan § -ompany Michael CHANOWITZ and Stephen SHARPE

Lawrence Berkeley Laboratory, University of California, Berkeley, California 94720, USA
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Personal note

® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”

Submitted for publication

(MEIKTONS':) MIXED STATES OF QUARKS AND GLUONS

Michael Chanowitz and Stephen Sharpe

August 1982 RECEIVED
LLAWRENCE
BERKELEY LARNPATORY

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 14. /54



Personal note

® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”

Submitted for publication

(MEIKTONS':) MIXED STATES OF QUARKS AND GLUONS

Michael Chanowitz and Stephen Sharpe

August 1982 RECEIVED
LAWRENCE
BERKELEY { ARNPATORY

® | was dissatisfied with the bag model—uncontrolled errors of many sorts—and began
working on LQCD in 1984 in order to do a first principles calculation

® [Rajan Gupta, Greg Kilcup & I] did a quenched calculation on 73x14 lattices, with
heavy unimproved Wilson fermions, naive methods, and found...
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Personal note

® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”

Submitted for publication

(MEIKTONS':) MIXED STATES OF QUARKS AND GLUONS

Michael Chanowitz and Stephen Sharpe

August 1982 RECEIVED
LLAWRENCE
BERKELEY LARNPATORY

® | was dissatisfied with the bag model—uncontrolled errors of many sorts—and began
working on LQCD in 1984 in order to do a first principles calculation

® [Rajan Gupta, Greg Kilcup & I] did a quenched calculation on 73x14 lattices, with
heavy unimproved Wilson fermions, naive methods, and found...

Noise!
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Personal note

® As a grad student | used the MIT bag model to predict the masses of “hybrid”
mesons—tesonances of the form: quark + antiquark + “constituent gluon”

Submitted for publication

(MEIKTONS':) MIXED STATES OF QUARKS AND GLUONS

Michael Chanowitz and Stephen Sharpe

August 1982 RECEIVED
LAWRENCE
BERKELEY { ARNPATORY

® | was dissatisfied with the bag model—uncontrolled errors of many sorts—and began
working on LQCD in 1984 in order to do a first principles calculation

® [Rajan Gupta, Greg Kilcup & I] did a quenched calculation on 73x14 lattices, with
heavy unimproved Wilson fermions, naive methods, and found...

Noise!

® There are now increasingly sophisticated calculations of hybrid meson properties, and
these will eventually be based on the formalism | will describe in these lectures
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Preview

® Fundamental issue:
® | QCD simulations are done in finite volumes, with imaginary time

® Experiments are done in infinite volume in real time

0‘ e

> /
OO .
@ T

How do we connect these!
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Fundamental Issue

® |attice QCD can calculate energy levels of multiparticle systems in a box

® How are these related to infinite-volume scattering amplitudes (which
determine resonance properties)?
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Fundamental Issue

® |attice QCD can calculate energy levels of multiparticle systems in a box

® How are these related to infinite-volume scattering amplitudes (which
determine resonance properties)?
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Further
motivations for
studying multiparticle
stafes



Motivations

Calculating electroweak decay and transition amplitudes for processes
involving multiple particles

Determining NN and NINN interactions as input for predicting properties of
nuclei and nuclear matter

* NNN interactions needed as input for EFT treatments of large nuclei, and
for the neutron-star equation of state

nnrm, nKK, ... interactions needed as input to study pion & kaon condensation

S. Sharpe, “Scattering Amplitudes from LQCD”, Lecture |, | /2026, NYCU, Taiwan
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Electroweak decays
e.g. K= TITTTT decay amplitudes

weak

® Does the SM reproduce the observed CP violation in K— TTTTTT decays!?

® Formalism to study this now exists [Hansen, Romero-Lopez, SRS, 2021]
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A more distant motivation

Observation of CP violation in v)

charm decays CERN-EP-2019-042
13 March 2019

LHCDb collaboration'

Abstract

A search for charge-parity (CP) violation in D°— K~ K+ and D°— 7= 7" de-
cays is reported, using pp collision data corresponding to an integrated luminosity
of 6fb™! collected at a center-of-mass energy of 13TeV with the LHCb detec-
tor. The flavor of the charm meson is inferred from the charge of the pion in
D*(2010)" — D% decays or from the charge of the muon in B— D™, X decays.
The difference between the CP asymmetries in D — K~ K+ and D° — 7~ 7T decays
is measured to be AAcp = [—18.2 & 3.2 (stat.) = 0.9 (syst.)] x 10~* for m-tagged
and AAcp = [~9 & 8 (stat.) £ 5 (syst.)] x 107 for u-tagged D® mesons. Combining
these with previous LHCDb results leads to

AAcp = (—15.442.9) x 1074, 5.30 effect

where the uncertainty includes both statistical and systematic contributions. The
measured value differs from zero by more than five standard deviations. This is the
first observation of CP violation in the decay of charm hadrons.
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A more distant motivation

® Calculating CP-violation in D= 11T, KK in the Standard Model

® Finite-volume state is a mix of 21t KK, nn, 41, 617, ...

® Need 4 (or more) particles in the box!

weak

pARI

strong

411
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Scattering basics
(infinite-volume)



My

® Recall some details of the simplest scattering process: 2 — 2
® We will mainly discuss spinless particles in these lectures, e.g. pions

® We will consider both identical particles, e.g. 777, and nonidentical, e.g. 77 K™

® Scattering amplitude related to the S matrix

S=1+iT (fIT|i) = Qr)*6*(P; — P)M,,

® In a given theory, can calculate in perturbation theory (PT), e.g.in ®* theory

iMy= =<+ XX + T + XOXK + T+
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My

Recall some details of the simplest scattering process: 2 — 2
® We will mainly discuss spinless particles in these lectures, e.g. pions

® We will consider both identical particles, e.g. 777, and nonidentical, e.g. 77 K™

Scattering amplitude related to the S matrix

S=1+iT (fIT|i) = Qr)*6*(P; — P)M,,

In a given theory, can calculate in perturbation theory (PT), e.g.in ¢* theory

iMy= =<+ XX + T + XOXK + T+

We will not assume a particular theory, e.g. ChPT or ¢*; instead we use a generic
relativistic QFT, with all possible vertices, and work to all orders in PT
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Properties of /. ,

® Poincaré invariance = ./, depends on the two independent Mandelstam variables

12 P1

)2 P>

ﬂz = ﬂ2(sa t)a S = (pl +p2)2’ [ = (pl _pi)za u= (pl _pé)z — 4m2 —S5—1
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Properties of /. ,

® Poincaré invariance = ./, depends on the two independent Mandelstam variables

12 P1

)2 P>

ﬂZ = %2('99 t)a S = (pl +p2)27 [ = (pl _pi)za u= (pl _pé)z — 4m2 —S5—1

® Partial wave decomposition in CM frame

/ s =E?=4(g> + m?), t = — 2g*(1 — cos )

identical particles

P1 &) Only even values of
M(s,0) = ) (26 + 1) ML (s) Py(cos 0) ¢ contribute for
4

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 24/54



Properties of /. ,

® Unitarity—holds in each partial wave (results here for identical particles)

=1 = ImU) =" pll =p| ML), p=

P— (phase space)
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Properties of /. ,

® Unitarity—holds in each partial wave (results here for identical particles)

=1 = ImU) =" pll =p| ML), p=

P— (phase space)

® Solve unitarity constraint in terms of an arbitrary, real K matrix

I
() _ (£) = &) _ (&) — o(©)
m [11.40| ==p = 10 = 1T ~ip = MY = S AP
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Properties of /. ,

® Unitarity—holds in each partial wave (results here for identical particles)

=1 = ImU) =" pll =p| ML), p=

P— (phase space)

® Solve unitarity constraint in terms of an arbitrary, real K matrix

I
() _ (£) = &) _ (&) — o(©)
m [11.40| ==p = 10 = 1T ~ip = MY = S AP

® Parametrize J# , using (real) phase shifts

1 167E*

1 .
g%/(f)s—tan65= = %(zf)=—el5sin5f
p g coto, p

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 25/54



Properties of J

® Threshold behavior (QM)

5, ~q' 1+ 0% = F ~q* |1+ 0]

® Effective range expansion (ERE)

1 1 L @ S S U SN
= —— + r— v, ol = —
HO ~ 16zE* | ap 02 004 HP  162E* ¢* a,
g coto

® (, is s-wave scattering length, related to threshold scattering amplitude
MA(q =0)=F,(q=0)=32rma,

® (,is the intercept on the r axis of the s-wave radial QM wavefunction with g = 0, and
can have any value: —oo < gy < 00

® 1, is the effective range (typically of order the range of the interaction), P, is the
“shape parameter” (typically of order unity), and a, is the d-wave scattering “length”
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Properties of M,

® Analytic structure: branch cut along real s axis above threshold, arising from unitarity

gives rise to

\/S _ 4?2 & “right-hand cut

.%(2{)=<%(;)+%(;)ip%(;)+..., p =
3271-\/3 \ canceled by

factors in Ky

‘ S physical amplitude
~ obtained by approaching

cut from above

/4m2 \ X +...

threshold

® ./, has two Riemann sheets, the top one being called the “physical sheet”

® J/, does not have the “right-hand cut”; it is analytic at threshold
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Properties of M,

® t- and u-channel exchanges lead to the “left-hand cut”

.ﬂ(;)=<%(;)+%(;)ip%(;)+..., p =

X +...

® For nondegenerate systems, the LH cut can lie close to threshold (e.g. AA has LH cut
due to pion exchange)

® | H cutinvalidates standard QC2 and QC3 derivations
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Bound states

® Bound states lead to poles in .# , on physical sheet
‘ \)

2 4 2
EBS m

® %2 does not have a corresponding pole since p is nonzero below threshold

|q|
167E*

1//%(;) = 1/7{(;) — ip where —ip = with EE% = 4(m* — | ggs %)

® Bound state condition is thus

1. = (gcotd, + |q|) =0

16xzE™*

® If keep only the scattering length in the ERE, find bound state for a, > 0

geotdy = —l/ay = |q|=1/ay = E;S=2\/m2—1/ag

® Bound state at threshold in unitary limit ay; — o
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Resonances

® Resonances lead to poles in ./#, below the real axis on the second (unphysical) sheet

® Cannot have poles on physical sheet aside from bound states due to causality

q

‘ q physical sh};gt of s ysica

/‘amplitude
E*z 4m2 :

BS

® To display sheets it is better to use single-sheeted variable ¢

resonantee O resonance
(on unphysical
sheet) unphysicaljsheet of s

® Resonance with width I' = 1/7 and mass M has pole at

EX=M-il'/2 = s=E?*=M?*+ {/2)*-iMT

: : : 2 .
® Leads to a bump in scattering cross-section o | .#,|" as we saw earlier
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Resonances

® Narrow s-wave resonances well described by Breit-Wigner form

E*T(s) 1

tan = => M, x
OBW = 35 g 27 M2 — E*2 — iE*T(s)

KT scattering
® As E* passes through M from below: isospin=1

® Phase shift rises rapidly through 900

12

o J, ~ tan o has a pole at M (i.e. on the real axis)

90°

® Pole in &, does not have any direct physical o]

significance, but does lead to complications in
the finite-volume analysis

300

10 LU lllll*él;

T LT ik
0S| n} T B

Man

0 1 1 - 1 A 1 1

1 1 1 1 1
6 8 10 12 14 16 Gev 18

Hyams 1973
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Resonances: unavoidable complication

5

BS

resonance
(on unphysical
sheet)

® Neither experiment, nor LQCD calculations, can directly access complex energies

® Thus, in order to study resonances, both methods have to parametrize the K
matrices with an analytic form that can be continued into the complex plane

® Thus some parametrization dependence is unavoidable

® One should put as much physical knowledge as possible into the parametrization,
while minimizing model dependence

® |nput from the experimental analysis community can be helpful
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Periving the
two-particle QC

Following the method of [Kim, Sachrajda & SRS, 05]
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Set-up

------------------
-

-
-

® Work in continuum (assume that LQCD : 5

can control discretization errors) /\/\/
i L
® Cubic box of size L with periodic BC, L

and infinite (Minkowski) time
® Spatial loops are sums: % ZE k = %ﬁ
® C(Can easily generalize to other geometries and BC

® Consider identical particles with physical mass m (think of pions), interacting
arbitrarily—a generic (relativistic) effective field theory (RFT)

® Work to all orders in perturbation theory with no assumptions about the
size of coupling constants

e e = 2

® Generalizations are known for nonidentical particles [Many authors] and
to particles with spin [Briceno, 4]
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Methodology

~ CMenergy is
® Calculate (for some P = 2zn,/L) - E* =\ E?-P?
C,(E, P) = [ d*x e F-IPI(Q T{c'x)c(0)} Q)
L
® 5~ ’eg o(X1)= J A’y n(X+y, Hn(X—y, t)e_ﬂz'y m(x) = i(x)ysd(x)
L

® Poles in C; occur at energies of finite-volume spectrum

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 35 /54



Methodology

~ CMenergy is
® Calculate (for some P = 2zn,/L) - E* =\ E?-P?
C,(E, P) = [ d*x e F-IPI(Q T{c'x)c(0)} Q)
L
® 5~ ’eg o(X1)= J A’y n(X+y, Hn(X—y, t)e_ﬂz'y m(x) = i(x)ysd(x)
L

® Poles in C; occur at energies of finite-volume spectrum

® Calculate to all orders in EFT:

Infinite-volume
vertices

Full propagators
Normalized to unit residue at pole

Boxes indicated summation
over finite-volume momenta

Here | have assumed no odd-legged vertices—-not necessary for subsequent arguments, but simplifies diagrams
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Key step 1
® Replace loop sums with integrals where summand is nonsingular

® Example of nonsingular summand:
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Key step 1
® Replace loop sums with integrals where summand is nonsingular

® Example of nonsingular summand:

® Justified using Poisson summation formula

1 . &’k - &k .7z -
508l = / (f,n)sg(k>+z / W)3e'L"’<g(k)
k B £
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Key step 1
® Replace loop sums with integrals where summand is nonsingular

® Example of nonsingular summand:

Exp. suppressed if g(k) is smooth
and scale of derivatives of g is ~I/M
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Key step 1
® Replace loop sums with integrals where summand is nonsingular

® Example of nonsingular summand:

Exp. suppressed if g(k) is smooth
and scale of derivatives of g is ~I/M

. — _ 2
® Drop exponentially suppressed terms ( ¢ ML o=(ML)

power-law dependence

, etc.) while keeping
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Key step 2

® Use “sum=integral + [sum-integral]” if integrand has pole, e.g. [KSS]

1 dko 1 d4 1 1
or L3 Z / k2 —m? +ie (P — k)2 — m42 + ieg(k)

|

symmetry factor
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Key step 2

® Use “sum=integral + [sum-integral]” if integrand has pole, e.g. [KSS]

1 dko 1 d4 1 1
k k
27 ng / I )k2—m2—|—ie(P—k)2—m2—l-ieg( )

|

symmetry factor

Focus on this loop

® ExamPIe of POIe: fis left-hand part

of integrand

g is right-hand part
of integrand
. P-k /
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Key step 2

® Use “sum=integral + [sum-integral]” if integrand has pole, e.g. [KSS]

1 dko 1 d*k 1 1
2 %ﬁ%‘/(%y f(k)k2—m2+ie(P—k)2—m2+ieg(k>

:/dﬂq*d(lq*/f*(cj*)]: (q*,q*,)g*(qA*/) + exp. suppressed

symmetry factor \
/ f & g evaluated for ON-SHELL momenta

q’ is relative momentum Depend only on direction in CM
of pair on left in CM Kinematic function

Focus on this loop

® ExamPIe of POIe: fis left-hand part

of integrand g is right-hand part

of integrand
. P-k /
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Key step 2
® Use “sum=integral + [sum-integral]” where integrand has pole, with [KSS]

dkg 1 d*k 1 1
o2r L3 zk:_/ (27)4 T e (P — k)2 —m? e

/

:/ Qg+ dQ (G F (a%, 07 )g* (@)

® Diasrammaticall Functions on left and right
3 Y can be arbitrary but must

1 be smooth

(g () = (g )+ @
W/ A

on-shell

‘A new type of “cut”

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 38/54



Variant of key step 2

® For generalization to 3 particles will use a PV prescription instead of i€

L[ [dko 1 ~ PV[ d% 1 |
9 o T3 - k
\Fl] W e —rr—m ™
k |

/

_ / 40 f0)F, (a7 )" (@)

® Key properties of Fpy: real and no unitary cusp at threshold

® These properties are important for the derivation of three-particle QC
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More detail on key step 2 [HS14]

1 [dko 1 S / d4 1 1 o(k)
2r I3 kz - m] +)< (P k)? — m; +)€ Smooth UV regulator

& — Equals unity on shell

( - - -
3 % % <

— l i — ‘ d k (k)8 (k™) hk) + @(e_mL) Time integrals set k on shell

2 \L3 7 (2x)3 ) 20 2wp_1(E — @, — wp_;, +X) k* is on-shell k boosted to CM
PV

( ?i 'm'’ (k*)?fm(k*) h(k) I Decompose f & g into

spherical harmonics,

1]1 Z J d’k r 6(e=m)

= — | — —_ 2'm’ gfm €

2 \L3 . (271')3) 20)k2wp k(E Wy — Wp_ k+)<) and evaluate with P-k on shell
PV

*

. \Y .
Y p(k*) = \/4x <q—> Y, (k%)

q* = \/E*2/4 — m?

_ PV =y More convenient to use
= ff 'm’ Ff ‘'m’, fm(E’ P,L) E¢m this matrix form

® Thus power-law volume dependence enters through geometrical function:

\ - - .

— d3k o k¥ >x<m %Y hik
Eov.emem(Es PoL) = — —2 - PV [ I e Y7, () hK)
2| L5 (27)3 | 2w 2wp_i(E — 0, — 0p_;)
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Key step 3

® |dentify potential singularities using time-ordered PT (i.e. do ko integrals)

® Example (again assuming only even-legged vertices)

O']L o
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Key step 3

® 2 out of 6 time orderings:

Q
—-
Q

1 1 1 1

/ / / / _
E—w)—wy—wz—wy- E—wi—ws E—wi—wy—w3—wy Zj:1,6 W

\

On-shell energy w; = \/Z_C? + M?

S. Sharpe, “Scattering Amplitudes from LQCD?”, Lecture I, 1 1/2026, NYCU, Taiwan 42 /54



Key step 3

® 2 out of 6 time orderings:

Q
—-
Q

/ / / / _
E—w)—wy—wz—wy- E—wi—ws E—wi—wy—w3—wy Zj:1,6 W

® If restrict 0 < E'< 4M (M < E*< 3M if have odd-legged vertices) then only 2-
particle “cuts” have singularities, and these occur only when both particles go
simultaneously on shell
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Combining key steps 1-3

® For each diagram, determine which momenta must be summed, and which can
be integrated

® |n our example, find:

Can integrate

Must sum momenta
passing through box
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Combining key steps 1-3

® For each diagram, determine which momenta must be summed, and which can
be integrated

® Another example:

Can replace sum with integral here

But not here
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Combining key steps 1-3

® For each diagram, determine which momenta must be summed, and which can
be integrated

® Another example:

Can replace sum with integral here

But not here

® Then repeatedly use sum=integral + “sum-integral” to simplify
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Summary: the key "move”

1 finite-volume
D

/ residue

PV/E
Qwo — ° @ + exp. suppr.
Jp
// Wi
off-shell

on-=shell

‘A new type of “cut”
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® Apply previous analysis to 2-particle correlator (0 < E* < 4M)

~ integrated

‘B-S kernel: 2-particle irreducible in the s-channel, i.e. no 2-particle cuts‘
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® Apply previous analysis to 2-particle correlator

® Collect terms into infinite-volume Bethe-Salpeter kernels

® | eading to
CL(E, P) = +@ B
+ @LUBLB D+

Similar structure to NREFT bubble-chain (e.g. in two nucleon system)‘
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® Next use sum identity

® And regroup according to number of “F cuts”

zero F cuts ohe F cut

CL(Eaﬁ) — Cm(Eaﬁ)K ‘{/

’ A B
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® Next use sum identity

@ﬂ@h@ + @ﬂ@-@ + @—@u@ + @—@—0 ‘
® And keep regrouping according to number of “F cuts”

CL(E, P) = Coo (B, P) +

@
s @\

the infinite-volume, on-shell 2—2
K matrix
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® Final result:

CL(Eaﬁ) — Cm(Eaﬁ)

A—@

= Co(E. P) + ) AliFy, [iXiFy]"A
n=0

® Correlator is expressed in terms of infinite-volume, physical quantities and
kinematic functions encoding the finite-volume effects
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® Final result:

C.L(E,P) = C(E, P)

A
++

= C_(E, F’) + ZA’iFPV [iKiFp,]"A
n=0

— 1
— C E, P +A,ZF A no poles,
OO( ) ey 1 + ‘%FPV — onI)I? cluts
NS

no poles, ?/7’

only cuts matrices in |,m space

= Poles in C. occur when
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2-particle quantization condition

® At fixed L & P, the finite-volume spectrum E|, E,, ... is given by solutions of

For P = O this equivalent to original result by [Lischer]

Generalization to moving frame first obtained using RQM by [Rummukainen & Gottlieb]

S. Sharpe, “Scattering Amplitudes from LQCD”, Lecture |, | /2026, NYCU, Taiwan

52/54



2-particle quantization condition

® At fixed L & P, the finite-volume spectrum E|, E,, ... is given by solutions of

For P = O this equivalent to original result by [Lischer]

Generalization to moving frame first obtained using RQM by [Rummukainen & Gottlieb]

® [y and %2 are matrices in , m space; both are real (hermitian in general)

® J/, is diagonal; while Fpy is off-diagonal, since the box violates rotation symmetry
® QC separates finite-volume (F}y) and infinite-volume quantities (% )
o [f %2 vanishes, solutions are free two-particle energies due to poles in Fpy,
® Each spectral energy gives information about all partial waves of & ,(£*)

® Beware when reading the literature: there are different notations for what | call
Fpy: B (box function), M, ...; also, sometimes QC2 is (equivalently) written in

terms of the scattering amplitude .#, rather than %,
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Sumwary of Lecture 1

S. Sharpe, “Scattering Amplitudes from LQCD”, Lecture |, | /2026, NYCU, Taiwan 53 /54



Summary of Lecture 1

® Resonances are ubiquitous and mysterious in QCD
® Usually decay to more than 2 particles

® Key issue is relating finite-volume spectrum to scattering amplitudes (or K
matrices)

® QC2 provides a very general, model-independent tool to do so
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Thank you!
Questions?
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Backup Slides
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Examples of resonances

® Example 3:scalar, isoscalars—possible p-wave gg states

| f5(500) [&] 16(JPC) =0t T ) | f5(980) U | 16(PCy =0t t )

Mass (T-Matrix Pole y/s) = (400-550)—:(200-350) MeV Mass m = 990 + 20 MeV

Mass (Breit-Wigner) = (400-550) MeV Full width I = 10 to 100 MeV

Full width (Breit-Wigner) = (400-700) MeV

fo(980) DECAY MODES Fraction (I';/T) p (MeV/c)

fo(500) DECAY MODES Fraction (I';/T) p (MeV/c) T ceen 476
T seen - KK seen 36
Yy seen - Y seen 495
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Examples of resonances

® Example 3:scalar, isoscalars—possible p-wave gg states

| f5(500) [&] 16(JPC) =0t T ) | f5(980) U | 16(PCy =0t t )

Mass (T-Matrix Pole y/s) = (400-550)—:(200-350) MeV Mass m = 990 + 20 MeV

Mass (Breit-Wigner) = (400-550) MeV Full width I = 10 to 100 MeV

Full width (Breit-Wigner) = (400-700) MeV

fo(980) DECAY MODES Fraction (I';/T) p (MeV/c)

fo(500) DECAY MODES Fraction (I';/T) p (MeV/c) T ceen 476
T seen - KK seen 36
vy seen — Yy seen 495

® large uncertainties because analyses are difficult

extract from charged pion beams on nucleon targets

1 1
it partial-waves
5{ i (/\)72}””7% O — project Pe(cos 0)
P \_/ N T
e /O\ on-shell m exchange
: p N — extrapolate to t = -my2

[Figure from HMI slides of Jo Dudek]
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Examples of resonances

® Example 3:scalar, isoscalars—possible p-wave gg states

® Extract the phase shift from complicated amplitude analysis

isospin=0

s T a 5oV 19
boov’7 ¢
oA 3 ?vv
weor V B | This experiment ?vv Y
oC | 9
2s L AD (different analyses) Y‘ﬁ(’%
°F IIAMS
o x Protopopescu b .?ﬁ,%# LN o
25 | ! % -
» % SR B 1
@ ¥
9 180 :
oo . Jo(980) |
135 - o’é
P
' 333*?
9ok --- g cmm = ee emeea- - -
' ge
gl
45 oﬁooQO
£3(500)
500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900
My MeVic?

Grayer 1974
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Aside on inelasticity

® Phase shift in /=J=1 1t channel

isospin=1

Mar
0 1 1 - 1 L 1 1 1 1 1 1 1
3 8 10 12 14 16 Gev 18
Hyams 1973

2
I —|n]
gives probability for

scattering into any final state
other than 1T,
e.g. KK-bar, nn, 4m
Becomes nonzero above
1 GeV
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Examples of resonances

® Example 4: Roper (excited nucleon)

‘ N(1440) 1/2F ‘ 1Py =3G™)
[PDG]
Re(pole position) = 1360 to 1380 (& 1370) MeV
—2Im(pole position) = 160 to 190 (= 175) MeV
Breit-Wigner mass = 1410 to 1470 (= 1440) MeV
< Breit-Wigner full width = 250 to 450 (& 350) MeV_—
N(1440) DECAY MODES Fraction (I';/T) p (MeV/c)
(N7) 55-75 % 308
V1) <1% T
(Nrm ) 17-50 % 347
A(1232) 7, P-wave 627 % 147
No 11-23 % -
p~y, helicity=1/2 0.035-0.048 % 414
n-y, helicity=1/2 0.02-0.04 % 413

® Extracted from amplitude analysis of TIN scattering

® Lighter than expected from quark model for a radial excitation
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Examples of resonances

® Example 5:Z,(3900)—a nonstandard meson

| Z,(3900) | 1G(JPCy — 11 + )
Mass m = 3887.2 + 2.3 MeV (S = 1.6) [PDG]
Full width ' = 28.2 + 2.6 MeV
Z(3900) DECAY MODES Fraction (I';/T) p (MeV/c)
@ seen 699
cT not seen 318
T~ not seen 759
#‘!’35 seen -
DUD*~ + c.c. seen 153
D~ D*O—I— C.C. seen 144
wﬂ'i not seen 1862
J/wn not seen 510
DT D*~ + C.C seen -
DOD*0 + c.c seen -

now seen at 4.2¢ significance, [BESIII])
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Examples of resonances

® Example 5:Z(3900)—a nonstandard meson Observed by BESIII, Belle, CLEO-c
in 2013

| Z,(3900) | 1G(JPCy — 11 + ) N -
— L7+
Mass m — 3887.2 + 2.3 MeV (S = 1.6) [PDG] € € — 17 Zc
Full width ' = 28.2 4+ 2.6 MeV
Z_(3900) DECAY MODES Fraction (I';/T) p (MeV/c) 100 B —+- Data
Al » - m gum . .
@ 69 O C | Significance Total it
T not seen 318 > — -=-== Background fit
T~ not seen 759 (()) 80 B >86 - = PHSP MC
“:E b seen - (D |
' l D*~ + c.c. seen 153 — - [] sideband
D~ D*O—I— C.C. seen 144 o 60 B +
wﬂ'i not seen 1862 o :
J/@bn not seen 510 ~ —
D+D*_+ c.c seen — 4(2 40_ B85 bkt b & TP
DOD*0 4 cc seen - (- n
. _________________________________________________________________________________________________________________________________________|] q>) —
now seen at 4.2¢ significance, [BESIII]) 10 2900

o

3.7 3.8 3.9 4.0
Moy (TEJ/W) (GeV/c?)

[BESIII, talk at Lattice 2019 by C.Yuan]
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Examples of resonances

® Example 5:Z(3900)—a nonstandard meson Observed by BESIII, Belle, CLEO-c
in 2013

| Z,(3900) | 1G(JPCy — 11 + ) N -
— /74
Mass m — 3887.2 + 2.3 MeV (S = 1.6) [PDG] € € — 17 Zc
Full width ' = 28.2 4+ 2.6 MeV
Z_(3900) DECAY MODES Fraction (I';/T) p (MeV/c) 100 B —+- Data
Al - = = gum . .
@ 699 O C | Significance Total fit
T not seen 318 > — -=-== Background fit
T~ not seen 759 (()) 80 [ >86 —=. PUSP MC
‘!:Eb seen - (5 :
' l D*~ + c.c. seen 153 — - [] sideband
D~ D*O—I— C.C. seen 144 (@) 60 B \
wﬂ'i not seen 1862 o :
J/@bn not seen 510 ~ —
D+D*_+ c.c seen — (/)] 40_ B85 bkt b & TP
DOD*0 + c.c seen - -'E n
. _________________________________________________________________________________________________________________________________________|] q>) —
now seen at 4.2¢ significance, [BESIII]) 10 2900

o

3.7 3.8 3.9 4.0
Moy (TEJ/W) (GeV/c?)

[BESIII, talk at Lattice 2019 by C.Yuan]

® 7. quark composition: ccud
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Examples of resonances

® Example 5:Z,(3900)—a nonstandard meson ® /. quark composition: ccud

ete™ — Y (4260) ® Possible interpretations:

D*D*(4014)

_ O
DD*(3877) Molecule

® Tetraquark ‘
Z.(3900) “

p1c(3759) ® Threshold enhancement—
supported by HALQCD
study [1602.03465]
) 7 J /1 (3236)
1~ 1t—
(J7€)

[lkeda et al., 1602.03465]
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G parity

® G parity will come up occasionally in the remaining lectures, so here is a reminder

e G = Ce™isan exact symmetry of isosymmetric QCD, and an approximate
symmetry of real QCD

® FEigenstates of G: 7n(—1), n(+1), p(+1), w(-1),...
® Relevance for what follows:
® Restricts decay channels,e.g. p — 77, ® — nnn (1 — nn forbidden by parity)

® No interactions involving an odd number of pions, e.g.

anw < 4, nm < 37
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