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I. Introduction

II. U(1) Lattice Gauge Models

H = − J∑
□
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Each link has spin-1/2 up (→, ↑) or 
down (←, ↓) as electric flux.

Closed loops having orientation can be 
flipped by  or .U□ U†

□

Flip flippables Count flippables

• Flippable plaquettes: ↻ and ↺
• Nearly-flippable: pink/aqua arrows
• Global flux symmetry Wμ =

1
Lμ ∑

r

Er, ̂μ

p.b.c

Wy = 0

Wx = 0

Scars exemplify ETH violations as excited states with area-law entanglement 
entropy. Many-body localization (MBL) serves as another example.

Thermalization in isolated quantum systems differs from classical systems due to 
unitary time evolution, where wave function probability amplitudes stay constant.

Understanding the fundamental theory of preventing thermalization 
is crucial for practical quantum device development.

Instead, we observe physical observables (e.g. energy) over time to assess whether 
they converge to the microcanonical ensemble.

⟨Ô⟩∞ = lim
T→∞

1
T ∫

T

0
dt⟨ψ(t) | Ô |ψ(t)⟩ → ⟨Ô⟩mc ?

III. Graph Theory

• Adjacency Matrix

A =

2 1 0 0 1 0
1 0 1 0 1 0
0 1 0 1 0 0
0 0 1 0 1 1
1 1 0 1 0 0
0 0 0 1 0 0

• Bipartite Graph

The spectrum of the 
bipartite graph is spectral 
reflectional symmetric.

Cauchy Interlacing Theorem [3]

Meaning in graph: Let B be a vertex-deleting subgraph of A, what conditions allow the 
induced subgraph B to share the same eigenpairs with A?

A = ( B ⋯
⋮ ⋱ ) Spectrum of A : λ1 ≤ λ2 ≤ ⋯ ≤ λn

B : μ1 ≤ μ2 ≤ ⋯ ≤ μm
m < n

then λi ≤ μi ≤ λn−m+i i = 1, ⋯, m

with

for

• Example:

Perfect destructive interference on the graph 1
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The scars turn out to be the more complicated version 
of this example, they are eigenstates from the subgraph.

ψE=0 ∼ (0 1 0 −1)T1

4 3
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C4 =

1 32P3 =

Cycle graph

Path graph

{−2, 0, 0, 2}

{− 2, 0, 2}

Spectrum Eigenvectors

ψE=0 ∼ (1 0 −1 0)T

ψE=0 ∼ (1 0 −1)T

IV. Numerical Methods

• Quantum Link Model 
(QLM)

qx = ± 1

qx = 0

• Quantum Dimer Model 
(QDM)

Enumerate all possible 
basis with deep-first 
search (DFS).

We develop an efficient algorithm based on the idea of subgraph and the destructive interference 
to identify all Type-I scars found in [1], originally detected through Exact Diagonalization (ED).

• One of the Type-I scars in  
as a graph (QDM 4x4)

Ôkin

We observe non-thermalizing excited states, especially Type-I scars, resulting from 
extensive cancellation within the Hilbert space. These scars represent embedded 
subgraphs where cancellation occurs at the boundary, explaining their resistance to 
thermalization.
Type-II & Type-III scars entail more complex cancellation that remain not fully understood, thus 
leaving as our future research.

V. Results

• The basis of this Type-I scar 
(QDM 4x4)

We thank all wonderful people 
for the fruitful discussion.

t → ∞
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The example shows 
a Type-I scar formed 
by 4 computational 
basis with specific 
sign arrangements, 
resulting in their 
cancellation within 
the graph.+
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Partial Answer: Eigenstate Thermalization Hypothesis (ETH)

⟨Eα | Ô |Eβ⟩ = ⟨Ô⟩mc(Ē) δαβ + f(ω, Ē) e−SĒ
th/2 Rαβ

For operators satisfying this ansatz, off-diagonal elements average 
out over time, resulting in thermalization.

Gauss Laws (gauge constraints) are required on each lattice site

q = 0q = − 1 q = + 1q = − 2 q = + 2

More constrained More constrained

Index Theorem [2] - spectral reflection symmetry

{Ôkin, ℂα} = 0

ℂα = ∏
r,α

Er,α = or

Largely degenerated 
zero modes!

Classification 
of Scars [1]

•Type I

⟨Ôkin⟩ = 0

⟨Ôpot⟩ = ℤ

(λ = 0)•Type II

⟨Ôkin⟩ = 0

⟨Ôpot⟩ = {ℤ} = ℤ

•Type IIIA

λ ≠ 0

⟨Ôkin⟩ = ℤ

⟨Ôpot⟩ = ℤ
⟨Ôkin⟩ = ℤ or ℝ\ℚ

⟨Ôpot⟩ = N/A

IIIB, IIIC
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